NON-VANISHING OF QUANTUM GEOMETRIC WHITTAKER COEFFICIENTS

EKATERINA BOGDANOVA

ABSTRACT. We prove that for any reductive group G of adjoint type cuspidal automorphic twisted
D-modules have non-vanishing quantum Whittaker coefficients. The argument provides a mi-
crolocal interpretation of quantum Whittaker coefficients for any At -valued divisor under some
hypothesis on singular support.

CONTENTS

[ Tniroduction] 2
|IL.1. Metaplectic and quantum Geometric Langlands theory.| 2
[1.2. Main result.| 3
[L.3. Outline of the argument.| 3
[LZNofations and conventions] 5
1.5. Acknowledgments. 6
[2__Generalities] 6
[2.1. Higgs bundles.| 6
2.2, Coefficient functors| 7
[2.3. Coefficient functors in the Betti setting.| 8
[2-4. Singular support of twisted D-modules 9
2.5. Singular support of twisted Betti sheaves. 10
2.6, Twisted miscrostalksl 11
3. Whittaker-temperedness.| 12
3.1, Local formalism.| 12
3.2. Irregular singular support in finite dimensions and Whittaker averaging. 13
[3-37 Whittaker-temperedness and nilpotent singular support, 14
3.4.  Whittaker-tempered category for nice levels.| 14
1 Generalized Kostant slices] 15
4.1. D-Kostant slicel 15
4.2, Zastava spaces.| 17
4.3. Intersection of D-Kostant slice and Nilpi?i vs Zastava space.| 17
5. Twisted Whitfaker coefficients as microstalks] 21
[5.1.  'T'wisted version of Nadler-Taylor theorem| 21
E).Z. Hyperbolic symmetry.| 23

24
[6.  Conservativity of Whitttaker coefficients.| 27
6.1. Conservativity for nilpotent sheaves. 27
[6-2. Conjectural metaplectic spectral action 28
6.3. onservativity for general D-modules and all nilpotent sheaves. 28
[6:4"_Metaplectic Beilinson’s spectral projector] 29
[References] 31

2020 Mathematics Subject Classification. Primary 14D24, 22E57.
Key words and phrases. Whittaker coefficients, quantum geometric Langlands program, microstalk, global Kostant
slice.



2 E. BOGDANOVA

1. INTRODUCTION.

1.0.1. Recall that any cuspidal (i.e. with zero constant term) modular form has at least one non-
zero Fourier coefficient. The statement also holds for automorphic forms for GL, and Whittaker
coefficients. For GLg, it is also true for metaplectic automorphic forms ([GHPST9]), which are natural
generalizations to arbitrary groups of modular forms with fractional weights. However, it fails for
arbitrary G ([HPS79)).

1.0.2. Miraculously, the geometric analog of the question, non-vanishing of Whittaker coefficients for
automorphic sheaves, holds. This was proved recently by Faergeman-Raskin ([FR22]), and turned out
to be an important step in the proof of the global unramified geometric Langlands conjecture. In the
present paper, we study this question in the context of the quantum Geometric Langlands program.
Namely, we prove that the non-vanishing of Whittaker coefficients for metaplectic automorphic sheaves
holds as well.

1.1. Metaplectic and quantum Geometric Langlands theory.

1.1.1. We will work over the field k of complex numbers. Fix a smooth proper curve X over an
algebraically closed field of characteristic zero. One can observe that the main objects of study in the
global geometric Langlands theory (the category of D-modules on the stack of G-bundles Bung, the
category of D-modules on the affine Grassmannian Grg, etc) deform over the space of Kac-Moody levels
K of G, suggesting the existence of quantum Langlands correspondence, deforming the usual one. For
a fixed level k denote the corresponding category by DMod, (Bung).

This is the geometric counterpart of the space of metaplectic automorphic functions. Moreover,
Kac-Moody levels admit duality as well: x gives a level & for the Langlands dual group G. Then the
quantum geometric Langlands theory expects (roughly) the following

Conjecture 1 (Gaitsgory-Lysenko, Drinfeld, Stoyanovsky...).
(1.1) DMod (Bung) %) DMod_(Bung).

Remark 1.1.2. When G is simple, a choice of k is just a choice of an element c in the base field such
that kK = cky, (here Ky, is the basic form, i.e. the one such that the short coroots have squared length
two). Then the DMod.(Bung) := DMod,.(Bung) is the category of D-modules on Bung twisted by the
(”;hhvv )-th power of the determinant line bundle, where h" is the dual Cozeter number of G. In this
case, conjecture [1] reads as

(1.2) DMod.(Bung) LL> DMod_ 1 (Bung),

L
rc

where r =1, 2 or 3 is the maximal multiplicity of arrows in the Dynkin diagram of G.

Remark 1.1.3. In the limit ¢ — 0, the category DMod_ 1 (Bung) becomes QCoh(LSx) ([Zhalfl
Section 6]). So Conjecture |1| limits to the global Geometr{cC Langlands equivalence, conjectured by
Beilinson and Drinfeld and established in [GR24a)], [ABC™24al, |[CCF'24], [ABC™24b]|, and [GR24b].
This equivalence (roughly) says that

(1.3) DMod,,,, (Bung) = QCoh(LS¢) [

1.1.4. We would also like to relate the automorphic side to a space of certain local systems/L-
parameters, and this is where the geometric metaplectic Langlands theory comes in.

We will need the following construction from introduced in [GL18, Section 6]. Using x we modify
the root datum of GG to obtain a new reductive group H. Moreover, from the data of k we also get a
gerbe Gz, with respect to the center Zy of H, and a character € : £ — Zg. This triple is called the
metaplectic dual root datum.

Then the H-local systems on X twisted by Gz, provide the desired space of spectral parameters
(IGL1S8l 9.6.6]). In particular, we have the Hecke action of the factorization category Rep(H) on

1In classical Geometric Langlands, the precise formulation involves a certain renormalization: one considers the
category IndCohnijp(LSs) instead. However, it is expected that in the quantum version one does not need this
procedure.
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DMod (Bung), which conjecturally factors through the category of quasi-coherent sheaves on the
space LS%Z) of Gz, -twisted H-local systems on X.

1.1.5. However, both arithmetic metaplectic theory and geometric quantum theory have a major
defect: the Hecke action is more degenerate. For example, while in the usual geometric story (i.e.
when & is the critical level) for an irreducible G-local system ¢ there exists a unique Hecke eigensheaf
A, with eigenvalue o, in the quantum setting for irrational s the group H is trivial, and therefore the
Hecke eigensheaf condition is trivial as well. But there is a tool that provides finer information than
Hecke action: Whittaker coefficients, which is the main object of study in the present paper.

1.2. Main result.

1.2.1.  Our first result is concerned with a certain subcategory of DMod, (Bung). This is the category
Shv, nip (Bung), where all the objects are (colimits of) twisted holonomic D-modules with regular
singularities with singular support in Nilp C T Bung, which is the zero fiber of the Hitchin fibration.
Namely, we prove

Theorem 1.2.2. Let G be an adjoint reductive group, k a rational level of G. Then for any cuspidal
F € Shv, nilp (Bung) there exists a A*-valued divisor D such that coeff p(F) # 0.

Here coeff p is the Whittaker coefficient functor. We give an overview and definitions in Section

Remark 1.2.3. The statement of Theorem is parallel to the results of [FR22]. However, the
proof given in [FR22] heavily relies on the Hecke action, and therefore does not work in the quantum
context.

1.2.4. Asin [FR22], we in fact prove a stronger assertion than Theorem Namely, we prove the
statement for Whittaker-tempered twisted D-modules.

Remark 1.2.5. We show (Sectz'on that Whittaker-temperedness condition is in fact vacuous for
“most” rational levels. This is another effect in the quantum theory which does not apper at the critical
level.

1.2.6. The theory of JAGK™22| Section 20] reduces understanding the cateogry D, (Bung) to studying
Shv . niip (Bung ), provided there exists a natural action of QCoh(LS?{Z)) on D, (Bung). This result is
not available yet, but was conjectures by Gaitsgory and Lysenko in [GLI8|]. We formulate the conjecture
precisely in Section [6.2] In the rest of the subsection, we give a summary of our other results which
assume this statement.

1.2.7. The collection of the functors {coeffp} for all AT-valued divisors can be assembled in one
functor

DMod(Bung) — DMod, (Grg,cont)“ "X,

where Conf is the configuration space of points of X and
x:LN — A

is the non-degenerate character of LN. For a precise definition see Section [2:2]
We deduce from Theorem the following result:

Theorem 1.2.8. The functor
coeff' D,ﬁ(Bung)Wh'temp — Whit, (Grg)
1s conservative.

Remark 1.2.9. The stronger version of the statement of Theorems[I-2.9 and[.2-8, without assuming
that G is adjoint, will be established as a corollary in [Bog26].

1.3. Outline of the argument. In this subsection, we provide a summary of the proof of Theo-
rem m There are additional sheaf-theoretic tools we can use to study Shvyip(Bung): microlocal
geometry ([KS94]).
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1.3.1.  We first discuss some geometry of the stack Nilp (see section for more details). Let
Nilp™® C Nilp

denote the open substack of regular nilpotent Higgs fields. This is a global version of the space of
regular nilpotent elements in g. The stack Nilp™® is the union of equidimensional smooth irreducible
components numbered by a sublattice A™ C A .

Following [FR22] we prove that if F is Whittaker-tempered then SS(F) N Nilp™® # ().

1.3.2. We now discuss microlocal geometry behind the functors coeffp. We emphasize that this
approach is entirely different from the one in [FR22]. We define this functor as

F CdR(Bun“]f,(fD),p!(]-') @ Ph (exp))[— dim Bun‘x,(*D)},

where p : Bun“]\’,(fm — Bung is the form of Buny corresponding to D, and v¥p is the Whittaker
function on Bun“](,(fm (see Section for more details).

The Whittaker function defines a Lagrangian
Bun‘f\,(_D) — T Bun}“’v(_D) .
Compose this Lagrangian with the natural Lagrangian correspondence between T Bun}”\,(_D) and
T* Bung. We denote the resulting Lagrangian in 7" Bung by Kosp and call it the D-Kostant slice
(since for D = 0 this stack is the global Kostant slice).
The following result is proved (up to some modifications discussed in Section in [NT23]. The stack
Kosp controls the functor coeff p in the following sense: for a closed conic Lagrangian A C T Bung

Theorem 1.3.3. If the shifted conormal bundle Kosp intersects A transversely at a smooth point {Ap},
then coeffp| Shv,. A(Bung) Calculates the twisted microstalk at {\p}.

In particular, this means that coeffp| Shv,. A (Bung) is t-exact and commutes with Verdier duality.
For a constructible F denote by

CCF) = > cor-[f)
BEIrr(A)
its characteristic cycle. Denote by Sp the irreducible component such that A\p € fBp.

Corollary 1.3.4. For F € Shv a(Bung)™", we have
X (coeff p(F)) = csp, 7.

1.3.5. It is well-known that for D = 0 the stack Kosp intersects Nilp transversely at a single smooth
point. Although this is no longer true for other D, we find that Kosp intersects Nilp*®&4<&(?) (e, the

red
union of irreducible component of Nilp;o§ with of number not less than deg(D)) transversely at a smooth

point. We do so by embedding the intersection Kosp N Nilpc§ into the Zastava space and matching
connected components of the latter with intersections of Kosp with different irreducible component of
Nilp} 8.

Moreover, it is easy to see that Kosp N Nilp!?® = (). Therefore the conditions of Theorem are
satisfied for

A= Nilpred \(Nﬂplrrzcgl)<deg(D) .

‘Wh-temp

1.3.6. Finally, given F € Shv, niip(Bung) choose a minimal A € A™ such that

SS(F) N Nilp™®* £ 0
and a A-valued divisor D on X with
A = (2 —2g)p + deg(D).
We claim that coeff p (F) # 0.

Indeed, there exists i and a constructible G € H*(F) with Nilpres* € SS(G). Then we by Corollary
have coeff p(G) # 0. By since the functor is t-exact we have

H°(coeff p(G)) < H°(coeft p(H'(F))) = H (coeft p(F)),
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which implies the claim.
1.4. Notations and conventions.

1.4.1. Categories. We use the formalism of co-categories developed in [Lur09], [Lurl7], and theory of
DG categories as understood in [GR17]. By a DG category we mean k-linear stable co-category. We let
DGCat be the category of presentable DG categories with continuous functors with monoidal structure
given by the Lurie tensor product ®.

1.4.2. Lie theory. Throughout the paper G will stand for a reductive group over k of adjoint type. We
choose Borel subgroup B C G, the opposite Borel B~ C G and the Cartan subgroup T'= BN B~. Let
N (N7) be the unipotent radical of B (B™). Let A (A) denote the lattice of weights (coweights) of G.
Let AT (AT) denote the subset of dominant weights (coweights). Let Z denote the set of nodes for the
Dynkin diagram of G. For ¢ € Z, we let «; (&;) denote the corresponding simple root (coroot). Let 2p
denote the sum of simple roots and 25 the sum of simple coroots. Let G be the Langlands dual group
over k for G. We denote by LG (L*G) the loop (arc) group of G.

Let girr C g denote the reduced closed subscheme of irregular elements. We let A’ C g denote the
nilpotent cone. We let A/ . — AN girr denote the subscheme of irregular nilpotent elements. We let
N8 C N denote the open complement to AN, which parametrizes of regular nilpotent elements.

1.4.3. Lewvels. A level k for G is a G-invariant symmetric bilinear form
% : Sym®(g) — C.

Denote by kg,crit the critical level, i.e. —% times the Killing form. Throughout the paper we will assume
that the level k is non-degenerate, i.e. that x — kg crit is nondegenerate as a bilinear form. The dual
level % on G for k is the unique nondegenerate level such that the restriction of & — K crit to t* and the
restriction of kK — Kg,crit to t are dual symmetric bilinear forms.

Suppose G is simple. A level k is rational if k is a rational multiple of the Killing form and
trrationalotherwise. A level k is positive if kK — Kg,crit 18 @ positive rational multiple of the Killing form.
A level is megative if it is not positive or critical. For general reductive GG, we say a level k is rational,
irrational, positive, or negative if its restrictions to each simple factor are so.

1.4.4. (Twisted) D-modules. For a prestack ) over k equipped with a twisting (in the sense of [GR14])
T denote by DMod()) the category of twisted crystals defined and studies in [GRI4]. For a map
f:Y — Z of stacks with twistings 7y and Tz such that f'7z = Ty, we let

f: DModr, (Z) — DMod, ()
denote the corresponding pullback functor. If f is ind-representable, we let
f+ : DModr;, (Y) — DModr (Z)

the corresponding pushforward functor. When defined, we denote by fi and f* the left adjoint functors.
Recall that a level k gives rise to a (factorizable) de Rham twisting G, on the affine Grassmannian
Grg, which descends to Bung (e.g. [ABC™24al 10.1]). We set the notation

DMod, (Bung) := DModg,, (Bung).
1.4.5. (Twisted) sheaves. For an affine scheme S of finite type equipped with a twisting 7, we let
Shvr(S)¢ C DModr(S)
be the subcategory of compact objects that are holonomic with regular singularities. Let
Shv7(S) = Ind(Shv7(S)¢) C DMod7(S).
For Y an algebraic stack equipped with a twisting 7, we let
Shvr(Y) := 511511_1)1}/ Shvr (S),

and
Shv (V)= = lim Shvr, (S)°.

s
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One can show that Shv7(Y') has a natural t-structure, and Shvy(Y )" is closed under truncations. We
refer to objects in Shv7(Y) as twisted sheaves, and to objects in Shvr (Y )" as twisted constructible
sheaves. On Shvr(Y )" we have a well-defined Verdier duality equivalence, denoted by

D : Shvy (V)™ 2 Shy (V)™
For A C T*Y a closed conical substack we let
DMod7 (Y) € DModr(Y),
ShvrA(Y) C Shvr(Y)

denote the subcategory of twisted D-modules/sheaves with singular support in A.

1.4.6. (Twisted) Betti sheaves. We adopt the conventions for (twisted) Betti sheaves and singular sup-
port of those from [BZNIS|, and denote the category of all Betti sheaves on a stack Y by Shv®'(Y).

1.5. Acknowledgments. This work owes its existence to Sam Raskin. I am grateful to him for propos-
ing this project, and for being generous with his time and mathematics. I thank Dennis Gaitsgory,
Kevin Lin, Lin Chen, Gurbir Dhillon, Joakim Faergeman, Wyatt Reeves, and Sasha Petrov for helpful
discussions. I am also grateful to Dennis Gaitsgory, Kevin Lin, and Sam Raskin for their comments on
an earlier version of this text.

2. GENERALITIES.

2.1. Higgs bundles. Recall that a Higgs bundle on X for the group G is a pair (Pg, ¢) where Pg is
a G-bundle and ¢ € I'(X, gp, ® w). Recall that Higgs bundles form an algebraic stack, which can be
written as a mapping stack

Maps(X, /(G X Gm)) XMaps(X,Gm) 1w}

Choosing an identification g = g* we get an isomorphism between the stack of Higgs bundles and
T* Bung.

Notation 2.1.1. Let Y be a stack and YC Y be an open substack. Let

Maps(X,YC Y)
denote the stack with S-points given by maps
y: X xS—=>Y

such that there exists an open U C X X S such that:

e U C X x S is schematically dense;
e U — S is a flat cover;

e y|u factors through )O)
Recall the definition of the global nilpotent cone:
Nilp := Maps(X, N/(G X Gm)) XMaps(X,6m) {w} C T” Bung .
Recall the stack of irregular nilpotent Higgs bundles
Nilp™™ := Nilp := Maps(X, N /(G X Gn)) Xmaps(x,6.) {w} C T* Bung
and its open complement
Nilp™®® := Maps(X, N /(G X Gm) C N /(G X Gm)) XMaps(X,Gm) 1@}

the stack of generically regular Higgs bundles.
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reg

2.1.2. Generically regular nilpotent Higgs bundles. Next we record some geometric properties of Nilp
established in [BD] and [FR22, 2.5, which will be crucial for our arguments. Let nC n denote the open
subscheme of elements of n that are regular as elements of g. Set

Nilp ™ := Maps(X, 1 /(B % Gm) € 1/(B X Gm)) Xaps(x 6) {&}-
We have canonical maps

Nilp™®® <« 1\/Ti\lJpreg — Bunp — Bunr.

Notation 2.1.3. For a coweight ¢ let

g

Ni\ﬁ)re ¢ = l\/ﬁ\]/preg XBunp Bun? .

Note that

reg, reg

Nilp“*"% = Nilp

is a locally closed embedding, and the corresponding locally closed subschemes define a stratification
of Nilp™®. In more detail, we have

Proposition 2.1.4. [FR22 Prposition 2.5.4.1] For a coweight ¢
(1) ﬁiTpregW is smooth of dimension dim Bung. )
(2) Suppose (i, p) +2g9 —2 <0 for somei € L. Then lqﬁi)r?g’cp s empty.
(3) Suppose (i, @) +2g—2>0 for alli € Z. Then mregw is non-empty and connected.
Denote by A™ C A the subset of coweights ¢ such that (i, @) +2g — 2 > 0 for all 5 € Z.
2.2. Coefficient functors. Fix w? a square root of the canonical sheaf on X. Set p(w) := (2[))((.0%).
Let D be a A-valued divisor on X. let O(D) be a T-bundle on X characterized by the property that

for every o; : T — G, we have that the induced bundle a;(O(D)) = O(ci(D)). Let w(D) denote the
product of p(w) and O(D). Set

Bun¥” := Bung X un, {w(D)}.
Recall from [FGV0I 4.1.3] that for D a AT-valued divisor we have a canonical function
Yp : Bunf\,(_D) — A
Definition 2.2.1. For such a AT -valued divisor D on X define
coeff p : DMod, (Bung) — Vect

by the formula
F C’dR(Bun“,Q(fD),p!(}') ® 1 (exp))[— dim Bun‘l‘\),(fD)},

K,(_D) — Bung.

where p : Bun

Note that taking de Rham cohomology makes sense since the twisting G, is canonically trivial on

Bun%(7D>. Here exp stands for the exponential sheaf on A'.

2.2.2. The collection of the functors {coeffp} for all A*-valued divisors can be assembled in one
functor coeff'*® as follows (JABCT24al 9.3]). Let Grg,. be the j(w)-twist of the Beilinson-Drinfeld
grassmannian in the sense of [ABC™24al 1.2]. Consider the map

7 : Grg,w — Bung,
and the corresponding functor
T DMod, (Bung) — DMod, (Gra,w),

where x is the non-degenerate character. To simplify the notation, we will work over a fixed point
x € Ran and will define a functor

coeff1£OC : DMod, (Bung) — DMod, (Gra . .)“™X.

ZImportantly, this is only true when the center of G is trivial. This is the only place where we use that G is adjoint.
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Note that LN, is a filtered union of subschemes N“. For each a consider
AVY X DMod, (Grg.w.e) — DMod, (Gra.we) X < DMod, (Gra w.a)-
For N® C N® we have a natural transformation
(2.1) Avi\]a/ — AV,
Lemma 2.2.3. [ABC"24a Lemma 9.3.4] For N® large enough the natural transformation

!
N ! N !
Avy omy = Av, om,

induced by is an equivalence.
Therefore for large enough N® the functors AvY “ coincide. So in particular, they map to
Nve DMod, (Gre,we)™ X 2 DMod, (CGre,w,q) "N X.
The resulting functor is coeﬁlﬁoc. For a fixed A*-valued divisor D consider the composition

coeffloc (

(2.2)  coeffls® : DMod,. (Bung) <2 DMod, (Gre )™ ™ =15 DMod, (Gra.w.p)V "X 2 Vect,
where Grp,,p is the connected component of Grp corresponding to D.

Lemma 2.2.4. We have

coeff p 2 coeff'5¢[dim Bun{~"].

Proof. As in [ABC+24a, Lemma 9.6.7] we will compare the dual functors, denoted by
Poinc,, p[dim Bun“zi,(_D>]

and
Poinc,’h [dim Bun¥™ "]

respectively. Explicitly, we have that Poinc, p as an object in DMod, (Bung)co is given by

p«(¥p)" (exp).

Let us also describe Poinci‘f‘,},. Consider a map

(2.3) Grp,w,p — Grg,w — Bung.

Note that the map factors as

TN,w,D -D
Grg,w,p —— Bunfv( ) Bung .

Then Poincl’}, is given by the pushforward of (7n.w.p © ¥p)*(exp) along . Hence it suffices to
show that
(2.4) (TN.w,0)+(TN.w,D ©¢D)" (exp) = P (exp).
However, the action of LT on
Grp.w.p INw.D, Bun‘fv(fD)
identifies it with
Gry,w BEAEN BunYy,

and the character 9)p maps to v under this identification. Thus, since [ABC™24al (9.19)] holds, we
have that (2.4)) also holds. O

2.3. Coeflicient functors in the Betti setting.
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2.3.1. Recall the Kirillov model of the Whittaker category from [Gai20, Section 1.6]. Namely, consider
a category C with the action of G,, x G,. Let Kir(C) denote the quotient C(‘\"”/CG’”“G“7 where we
use the forgetful functor

CCm*Ga , CCm

The natural map p : C®™ — Kir(C) admits a fully faithful right adjoint denoted by p® and a fully
fithful left adjoint denoted by pT.

Consider LN and its non-degenerate character y, and C = Shvi“(Grg,p(wx)’x)ker(”. Then C admits
an action of G,, via g, and we get

Notation 2.3.2. Whit,. ,(G) := Kir(Shv?' (Grg p(wy).z))-
The similar construction works in the setting of Beilinson-Drinfeld affine Grassmannian:
Notation 2.3.3. Whit,(G) := Kir(Shv2" (Grg, p(wy)))-
2.3.4. The Whittaker category admits a global model. Namely, for Z — Ran let Buny ,(wy),z be the
stack introduced in [CCF"24] Section 10.2.1]. Denote by pz the projection
Buny pwy),z — Bung xZ.

Denote by Shv:“(BunN,p(wX%Z) the corresponding category of twisted sheaves, by means of the pullback
of the gerbe corresponding to x. Following [Gai20l Section 4.7] we can define a full Kirillov model
subcategory
Whit,. (G)8°" € Shv2 (Buny p(wy),z)°"
We have a naturally defined map
Tz : GerP(“X):Z — BunN,p(wX),Z.
Theorem 2.3.5. [Gai20, Theorem 5.1.4] The functor (rz)" induces an equivalence
Whit, (G)8'°" = Whit, (G).
We refer to [ABC™24al Section 9] and [CCE"24) Section 10.2] for more details.

Definition 2.3.6. We define the functor
coeft'*° : Shv2'\;, (Bung) — Whit, (G)
as the composition

(2.5)
Shvi{lNilp(Bung) Iopull, Shviu(BunN,,,(wX)Z)G"” EALN Shv2! (BunNﬂp(wX),Z/ker(x))G"” 2y Whit,. (G).

2.4. Singular support of twisted D-modules.

2.4.1. Modules over TDOs and singular support. Let X be a smooth classical scheme, D be a sheaf
of TDOs. The goal of this subsection is to define singular support of coherent modules over D. The
definition will follow the one for the usual D-modules.

Definition 2.4.2. Let (M, F) be a filtered D-module. We say that F is a good filtration of M if the
following equivalent conditions are satisfied:

(1) g™ M s coherent over m.Or+x,
(2) F;M is coherent over Ox for each i, and there exists io > 0 such that for every j >0, ¢ > ig

(3) There exist locally a surjective D-linear morphism ® : D®™ — M and integers nj, j =1,...,m
such that for every i € Z
O(F—p,D® Fi—pyD & ... ® Fy_p, D) = F;M.

Proposition 2.4.3. (1) A D-module is coherent if and only if it admits a globally defined good
filtration.
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(2) Let F, F' be two filtrations of a D-module M and assume that F is good. Then there exists
1> 0 such that for everyi € Z
FzM C Fi/+i0M'
Moreover, if F' is also a good filtration there exists i > 0 such that for everyi € Z
F ;.M C F;M C F,;, M.
Proof. Follows [HTTO08, Theorem 2.3]. d

Definition 2.4.4. Let M be a coherent D-module and choose a good filtration F' on it. We define the
singular support SS(M) of M to be the support of the coherent O+ x-module

OT*X ®7‘r*7r*OT*X 7"* (ng M)
Lemma 2.4.5. The variety SS(M) does not depend on the choice of a good filtration.
Proof. Follows [HTTO08, Theorem 2.2.1]. a

2.4.6. Singular support of twisted crystals. Let S be a smooth affine scheme with a twisting 7 on it.
Let N'C T*S be a conical Zariski-closed subset.

Definition 2.4.7. We define the DModr n(S) be ind-completion of the category
DModr x(S)" ¢ DMod7(S)"%,

obtained by requiring that each cohomology belong to DM0d7—7N(S)f‘9"©, where the latter is defined as
above.

Remark 2.4.8. As in [GKRV22, A.3.3-A.3.6] we can generalize the notion of twisted D-modules with
singular support N to not necessarily smooth affine schemes and algebraic stacks.

2.5. Singular support of twisted Betti sheaves. Recall ([CF21] 13.2]) that for any prestack X
locally almost of finite type, and an analytic gerbe G*" on X", we can consider the category Shvgan (X)
of Betti sheaves twisted by G*".

Definition 2.5.1. [KS94, 5.1.2] Let F' € Shvgan(S) for S a smooth affine scheme of finite type. Let
the micro-support of F, denoted by SS(F'), be the subset of T*S** defined by p ¢ SS(F) if and only if
there exists an open neighborhood U of p, such that for any 1 € S and any real function v of class C*
defined in the neighborhood of x1, with ¥ (x1) = 0, di¥(x1) € U, we have

(fyy 0 f3(F))ay = 0.
Here fy is the inclusion of the subspace of x € S such that ¥ (x) > 0.

Remark 2.5.2. As in [GKRV22, A.3.3-A.3.6] we can generalize the the notion of micro-support of
twisted Betti sheaves to not necessarily smooth affine schemes and algebraic stacks.

Lemma 2.5.3. [KS94, 5.4.5] Let X — Y be a smooth morphism of manifolds, G be an analytic gerbe
onY. Let F € Shvg(Y'). Then

SS(f*F) =df o f ' (SS(F)).
Proof. The question is local, so it reduces to the untwisted case, which is [KS94] Proposition 5.4.5]. O

Lemma 2.5.4. [KS94| 5.4.4] Let X — 'Y be a proper morphism of manifolds, G be an analytic gerbe
onY. Let F € Shvy«g(X). Then

SS(fiF) = fodf ' (SS(F)).

Proof. Again, it reduces to the untwisted case, which is [KS94] Proposition 5.4.4]. g
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2.5.5. Recall (J[CEF21l 13.2]) that for any prestack X locally almost of finite type, and an analytic
gerbe G*" on X, we can also consider the small category of algebraically constructible Betti sheaves
Shvgan (X)“™" and its ind-completion Shvgan (X). Recall also that we have [CF21], Corollary 13.3.1] a
generalization of the Riemann-Hilbert correspondence to the twisted setting:

(2.6) RH : Shvg(X) = Shvgan (X),
where X is a prestack locally almost of finite type and G a tame de Rham gerbe on X.
Lemma 2.5.6. For F' € Shvg(X) we have
SS(F) = SS(RH(F)).

Proof. The question is local, so the statement reduces to [KS94, Theorem 11.3.3]. g
2.6. Twisted miscrostalks.
2.6.1. Let Y be a real analytic manifold with an analytic gerbe G, F': Y — R a smooth function.
Definition 2.6.2. We define twisted vanishing cycles functor

¢% : Shvg(Y) — Shvg(Y"=")

by first |-restricting to the locus where F' > 0 and then x-restricting to the locus where F' = 0.
Further s-restricting to yo € Y¥=° we get (b%yo.

Let A C T"Y be a subanalytic closed conic Lagrangian and Shva ¢ be category of twisted Betti
sheaves with singular support in A. Let p: T*Y — Y.

Proposition 2.6.3. For any smooth point §, € A and any function F on'Y such that dF intersects
A transversely at &o, the functor (;5%10(50)[%] does not depend on the choice of such function (depends
only on & ). Here ind is the Maslov index of the triple (dF', A, T; )Y ) in the symplectic vector space
T:T*Y.

o

Proof. Let j: U < Y be an open neighborhood of p(&) such that j'(G) is trivial. Note that

g lnd ~ '!g lnd Nl
¢F»P(€0)[7] = ¢%|U,p(50)[7] °J-
But since j'(G) is trivial we reduced the statement to the case of [KS94] Proposition 7.5.3]. O

Definition 2.6.4. In the setup of Proposition we will cal ¢lgp’p(§0)[%] the microstalk functional
at & and denote it by me, .

2.6.5. Now let Y be a complex analytic manifold and A € T*Y is a complex subanalytic closed conic
Lagrangian, £, € A a smooth point .

Lemma 2.6.6. The twisted microstalk at & € A is t-exact and commutes with Verdier duality.

Proposition 2.6.7. For F € Shva (Y)Y ™" denote by
CC(F):= > cprlfl
BeIrr(A)

the characteristic cycle of F. Then we have

x(mey (F)) = cpe, .7
where {o € B, -
Proof. Let j : U < Y be an open neighborhood of p(&) such that j'(G) is trivial. As we saw in
Proposition [2:6.3] we have

mEo(]:) gmfo(j'}-)'
On the other hand,

~
Chey  F = C,Bgo,jl]-ﬁ
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so we reduced the statement to the untwisted situation. In that case, by [KS94, (9.4.9)] and [KS94|
Proposition 6.6.1(ii)] we get that j~'F = Vi, in

ShVA(U; fo) = ShVA(U)/ShVT*U\{go}(U)

for some analytic submanifold U, of U. Since mg, vanishes on Shvrsp 1¢,1(U) we get the result. O

3. WHITTAKER-TEMPEREDNESS.
3.1. Local formalism.

Notation 3.1.1. Let .
Sph, , := DMod,(Gre)" ¢
be the twisted spherical Hecke category, viewed as a monoidal category via convolution.

Recall that for any D € DGCat with an action of DMod, (LG) we can consider

LTG oblv
2

AvX
(3.1) AVE:D DY ONEN 2 \Whit,, (D).

Here N
AvYX : DT ENEN _ Whit,, (D)

is left adjoint to the forgetful functor Whit, (D) — DL+GOLN7 which exists by [Ras21bl Theorem 2.3.1].
Notation 3.1.2. Let DL G Wh-anti-temp o, Av — DLTC

Notation 3.1.3. Let I C G(O) (resp. I~ ) denote the Iwahori subgroup corresponding to B C G (resp.

B~ C@G). Let T denote the prounipotent radical of I. Let Ti= Ad_ﬁ(t)(;) and let I = Ad_;(I7).
Finally, we let K1 denote Ad_ ) applied to the first congruence subgroup of G(O).

Note that 7, /Ky = N and 7' /K1 = B~
Lemma 3.1.4. The inclusion DF* GWh-antitemp , LG imipe ¢ left adjoint.

Proof. Tt suffices to show that (3.1)) commutes with limits. We have the following commutative diagram:

DLG oblvy I~ _AVe | I7 (DF1)B ™ he Avie (DF1)Nx Whit=!(D)
(3.2)
AV|X L1,00,!
Whit, (D).

Here p is the character D-module on I; coming from
k(p,—) : Lie(I; ) = t LGN

Note that x(p, —) is trivial on K1, hence it descends to a character on b™~.
Commutativity of (3.2]) follows from the fact that the functor

Av, : D! 5 Dfroes

is an equivalence, with the inverse the !-averaging functor.

Note that oblv commutes with limits. Indeed, its left adjoint Av, is well-defined due to the fact that
LTG/I is proper. By [FR22, 3.2.3], the functor Av{* coincides with AvX up to a shift, thus commutes
with limits. Finally, ¢1,00,1 commutes with limits by [Ras21b, Theorem 2.3.1 (1)]. O

Definition 3.1.5. Define DLTGWh-temp 4 jo the quotient of DL'e by DL TG Wh-anti-temp
Remark 3.1.6. By Lemma[3.1.]] we thus have a recollement

(33) DL*G,Wh—anti—temp — D “— DL+G,Wh—temp.

Example 3.1.7. D = DMod,(Grg).
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Definition 3.1.8. For a category C with an action of Sph,, , define
CWh—temp = C ®Sphmw Sph\’g’;-temp g C,
CWh»anti—temp = C ®Sphm$ Sphz\jix-anti—texxxp g C

Remark 3.1.9. A priori, the notion of Whittaker-temperedness depends on the choice of x € X, but
it is expected to be independent of such choice.

3.2. Irregular singular support in finite dimensions and Whittaker averaging. Parallel to
[FR22, 3.1] we set the following notation.

Definition 3.2.1. For an algebraic stack Y locally of finite type, equipped with a G-action and a
G-equivariant twisting T, define

DModr,g—irreg(V) 1= DMod, ,-1(4, .1 (),
where p: T*Y — g" = g is the moment map. Set
Shvr,G—irreg (V) := Shv,(¥) N DModr G —irreg (V).
Proposition 3.2.2. For any character D-module v on B~ the finite Whittaker averaging functor

— - AvY¥
Shv, G —irreg(V)”? ™ — DMod, (¥)? * —% DMod, (¥)""X
8 zero.

Up to some minor changes, our proof will follow the one given in [FR22| 3.3]. First, we note that it
suffices to prove the assertion for regular holonomic

F e ShV-r,Gfirreg(y)57 ’H’®~

3.2.3. Reduction to the case Y = G x )Yo. Consider G x ) as acted on by G via the action on the first
factor. We have the G-equivariant map:

act

GxY—7).
Since act is smooth, act' is t-exact, conservative, and maps Sth,G,irreg(y)B_»“ to
ShV‘r,G—irreg(G X y)Bf,,u.
Since act is G-equivariant, act' commutes with finite Whittaker averaging functor.

3.2.4. Reduction to the case Y = G. Since Av{(F) is a compact, holonomic object it suffices to check
that for every pair
(9,y) € (G x Vo) (k)
we have
i) (AVY(F)) = 0.
Note that the map
idxiy : G—=Gx o

is G-equivariant, therefore
(id xiy) AV (F) = Av¥(id xi,)' (F) € DMod(G)™X.
Finally, the fact that (id xi,)'(F) lies in Shvg_imeg(G)? * follows from [FR22, Proposition 3.3.4.2].

3.2.5. Proof for ¥ = G. We are then in the setting F € DMod(G)® ** with
SS(F) C N xnr Nireg C N = T*(B™\G),
where N is the Springer resolution of the nilpotent cone. We want to show that
Av{(F)=0.
However, this follows from [FR22] Theorem 3.2.4.1].
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3.3. Whittaker-temperedness and nilpotent singular support. Recall from [FR22] 4.4] the no-
tion of an (irregular) ramified Higgs field.

3.3.1. Ramified Higgs fields. Let P C G(K) be a compact open subgroup. Let (Pg,7) € Bung ' be a
point. Recall that T, - Bun’, ™! classifies Higgs bundles ¢ € I'(X \ z, gp, ® ) with the condition

(P, 7 ¢pg) € Lie(P)™/P C g((t))dt/P = g((£))"/ P.

We say that such a ramified Higgs bundle is irregular if the Higgs bundle (Pg, x\a,¢) on X \ z is

irregular. Note that irregular ramified Higgs bundles form a closed conical substack of T* Bung_m.

Notation 3.3.2. We denote by DMody irreg(Bung ™) and Shv, imeg(Buns ') the categories of
twisted D-modules and sheaves with irregular singular support.

3.3.3. Note that s trivializes canonically over L™G and over KC;. Moreover, the two trivializations
coincide on LTG N K1. Therefore it makes sense to formulate the following statement:

Proposition 3.3.4. The natural convolution action induces a functor
DMod,(K1\LG/I™) @ DMod,irreg (Bung ~™') = DMod . irreg (Bunf' ™).
Proposition 3.3.5. FEvery object of
Shv,, Niipirres (Bung) C Shv, nip (Bung)

is Whittaker-anti-tempered.
Proof. Chasing (3.2]) we obtain that it suffices to show that the composition

Shv,. nipirres (Bung) € DMod, (Bung) Ave, DMod,, (Bungy')’1 #= =
(3.4) _ AvX
= DMod, (Bung' ~")? #* —5 D, (Bung! V) MX

is zero.
Note that the composition

(3.5)  DMod,(Bung) — DMod, (Buni!)’t #= = DMod, (BunSt ") 22y b (Bun/St—11)

coincides with
DMod, (Bung) Avsy DModN(BunglfM),

which by Proposition maps Shv, yjpires (Bung) to Shv . irreg (Bunfs! ™). As in [FR22] 4.5.2] we
obtain that
ShVﬁ,irreg(Bungl_IVl) - Shv,iyg_irreg(Bungl_lVI).
Hence we can rewrite the composition (3.4) as

K1—IvI\B~
Shv,, Niipirres (Bung) — Shv g irreg (Bung! T ke C

(3.6) _
C Shv,,G—irreg (Bung' ") Z #* — DMod,,(Bunfy! ~¥")Mx,

which vanishes by Proposition [3:2:2] O

3.4. Whittaker-tempered category for nice levels. The goal of this section is to show that for
“most” rational levels k = (—h + %)m, and for any DG category C with an action of Sph, _ one has

K,x

CWh—temp —C.

Proposition 3.4.1. Assume that the integral Weyl group W, —y is trivial. Then for any C with an
action of Sph,, , one has

Cthtemp - C.

Remark 3.4.2. Eaplicitly, the condition in Proposition [3].1] for a simple group G of type ADE is
saying that ¢ > h.
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Proof. By definition, it suffices to show that for any D with an action of D.(LG) the functor

Av) : DETOOIN L Whit, (D)
is conservative. Using we reduce to showing that for any D with an action of D(G) the functor
(3.7) Av) :DP #e 5 DVX

is conservative. It is enough to check the universal case D = DMod(G). Moreover, taking weak
G-invariants on the left is an invertible functor, hence we may take D = g-mod. But then

DB7 = ®V€K(ﬁ,*)+AOV?

and the condition that W, is trivial is precisely the necessary and sufficient condition for conservativity
of Av{ on O, by [Los24]. Indeed, in that case simples in O, are Verma’s, and their highest vector is
Whittaker-invariant. d

The following is proved by G. Dhillon:
Proposition 3.4.3. For k = (—h + %)Kb such that q greater than the lacing number of G, one has

CWh—temp —C.

4. GENERALIZED KOSTANT SLICES.

4.1. D-Kostant slice. Let D be an A*-valued divisor on X. In this section we introduce a general-
ization of the global Kostant section, which will depend on D and will be denoted by Kosp.

4.1.1. Recall from [Ras21al Lemma 2.7.2] that a map X — A'/G,, with the inverse image of the open
point dense in X is equivalent to the data of an effective Cartier divisor on X. Therefore we get that
the scheme o

Maps(X, pt C %)7

where pt C gZ_Tl/b is the open point, parameterizes [Xg-valued divisors on X.

Notation 4.1.2. Let subscript X stand for a constant stack over X.
Definition 4.1.3. We define the stack Kosp as the fiber product

1
KOSD e MapS(Xa( f+o )X g ( 52 1 )X) ><Maps(){,pt/Gm) {w2}

J NxG,, BXGpm,
{D} Maps(X, ptx C (27 x),

where the action of Gy, on g>_1 is given by z -y = 2%y for 2 € Gy, and y € g>_1, the homomorphism
N xG,, - B x Gy,
is defined as n X z — (n-2p(z), z), and the map
B xGy, =T
is given by
BxXGy 22T T 2T,

Remark 4.1.4. Let us spell out explicitly what the points of Kosp are. The stack Kosp parameterizes
pairs (Fg, s), where

e a B-bundle Fg, such that the induced T-bundle Fr is p(w)(—D),

o an element s € T(X,w® (Fp xZ g>_1)),
such that the projection of s along

(X0 ® (Fp x® g51)) - T(X,w® (Fr x" g5-1/8)) = T(X, BiezO(e (D))

is the canonical section.
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Example 4.1.5. For G = PGLy the field-valued points of the stack Kosp are the data (up to tensoring
by a line bundle) of

e 2-dimensional vector bundles &,
e a filtration &1 — £ — &2
e a Higgs field 0 : & — £ Qw,

such that D is the divisor of zeroes of the map
S-S e0w— &,

4.1.6. One of the important inputs in the main result of this paper is geometry of the intersection
Kosp X7+ Bung Nilp™®.

Let us continue Example [£.1.5 and describe points of this intersection in the case G = PGLo.

4.1.7. Recall from Proposition that irreducible components of Nilp™® are parameterized by a
sublattice

AT c AL

- < —— reg,\
Example 4.1.8. For G = PGL3y and A € A™, points of Nilp & are given by the data (up to tensoring
by a line bundle) of

e 2-dimensional vector bundles &,
e short exact sequences L1 — & — Lo with deg L1 — deg Lo = A,
e q non-zero map ¢ : Lo — L1 @ w, such that the corresponding Higgs field is

b E—s Lo B LiowoEQw

Example 4.1.9. For G = PGLy the field-valued points of the stack Kosp X1+ Bune Nilpie§ are given
by the data (up to temsoring by a line bundle) of

e 2-dimensional vector bundles &,
e filtration L1 — 5_% Lo,
e a non-zero map ¢ : Lo — L1 @ w, such that the corresponding Higgs field is

b Eos Lo DL owoERw
e filtration &1 — £ — &2, such that D is the divisor of zeroes of the map
G —oEbeuo &

This implies that a point of Kosp X1+ Bung Nilpicy gives a commutative diagram

7

[en]

™

o
St+—Di—me—D+—o

o

(V)

[en]

4.1.10. Comparing to [Ras2lal Example 2.11.2] we see that Kosp X1+ Bune Nilp,oj is connected to

Zastava spaces.
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4.2. Zastava spaces. In this section we digress to review the definition and properties of the relevant
Zastava space introduced in [BFGMO02].

Definition 4.2.1. Let 20,7 denote the stack
Maps(X, pt /T C (pt /B Xpi jc Pt /B)) XBuny {(w)(=D)},
where pt /T embeds into pt /T C (pt /B Xy jq pt /B) as an open Bruhat cell and the map
Maps(X, pt /T C (pt /B Xpt ¢ pt /B)) — Bunr
is induced by projection on the first coordinate
pt /B Xpt e pt /B — pt /B — pt /T.
We have an open embedding
2’—) Bun‘;v(_D> X Bung Bung .

Also, as in [Ras21al 2.11], we have a map

72— Diviy
where Divé\ff+ _is the scheme of AT-divisors on X. let Divéﬁ denote the connected component corre-
sponding to A € AT, Let )

7?')\: % 1= Diviﬁ‘
denote the fiber of Z over Divzﬁ. As in [BFGMO02| and [Ras21al 2.11], we have that 20,75\ is a smooth
variety.

Example 4.2.2. For A = 0 we have ;joz pt.

4.3. Intersection of D-Kostant slice and Nilp,.5 vs Zastava space. Our first goal is to construct

a map
T reg o
tp : Kosp X7*Bung Nilp ~ —2Z,

where
o

oy reg n n
Nilp ~ := Maps(X, BxG. - B x Gm) X Maps(X,pt /Gm) 1W}-

Construction 4.3.1. By definition, Kosp X1+ Bung Ni\li)reg is given by

o

f+b :
ftb _" ) c
MapS<X7(N>qu X oo BXGm)X h

(4.1)

CADbx X 52 yso (BgiiEm S anem>x> XBung,, {w}-
This obviously maps to
Maps(X, {H(w)(=D)}x Xt /m)x (Pt/B Xpi /6 Pt /B)x),

but we need to check that the image generically lands in the open stratum

pt Cx {p(W)(=D)}x X(pt /)5 (Pt/B Xpt/c pt/B)x.
It suffices to show that the composition

f;\;b Xg ni; - gZ'gl X5 % — pt/B Xy e Pt /B

factors through the open orbit

pt
? C (pt/B Xpt /G pt/B).
However,
f+bo n®
N “&p - Ph
and one can explicitly describe this point and show that the image lands in the open stratum %t.
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Lemma 4.3.2. The map tp is schematic. In particular, since Z is a scheme, we get that

reg

KOSD X Bung Nilp

is a scheme.
Proof. Since X is projective, it suffices to show that the map
g>-1 n
{D}x Xoza/b ( 5 X% E)x = {O(=D)}x X(pt/1)x (Pt/B Xpt /6 Pt/B)x
T

is quasi-projective schematic. However, note that

g>— g>_
(’71)X = {O(=D)}x X(pt /T)x (’71

is quasi-projective schematic since the first and the second maps are quasi-projective schematic. Also,

9
= = pt /G,
G Pt/
n
B
are quasi-projective schematic, hence the result. O

{D}x x )x = {O0(=D)}x X /1)x (Pt /B)x

_1/b
(EZ%)X

— pt /B

Proposition 4.3.3. The map

vp : Kosp X1+ Bung l\rﬁ\l/preg —Z
is a closed embedding.

Proof. We first show that ¢p is proper. We will do so by checking the valuative criterion, following an
argument of [FKM20, Appendix A]. Denote by £ the generic point of X. Let D be the spectrum of a

discrete valuation ring, and let IODC D be the spectrum of its fraction field.
To unburden the notation, denote

o

f+b n ) (g>71 n )
t — = —_— - D —_— —_—
{w}x%mx(Nxemchge,anGm S o e (Bxe, X ot Bx G/ x

X

by 3359 Ys, and
pt C {p(w)(=D)} xpv (Pt /B Xpi/a pt/B)x

o
by V:C Y:. Given a solid commutative cube

DxX — W

o e}
we need to produce the dashed arrow. Note that since Y;—): is an isomorphism we get a map

DxE&—=Ys.

Let us spell out the data encoded by the map D x X — ) in . We are given a G-bundle F
on D x X with two B-reductions Fg, Fz with the condition that the T-bundle F+ induced from Fx
is p(w)(—=D). The desired lift D x X — ), encodes the data of equivariant maps

o Fi xx Tot(w) = g>—1,
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o F% xx Tot(w) — n,

o F xx Tot(w) — g,
such that the induced map

Fr —g>_1/b
corresponds to {D} € Maps(X, w)
But we have two compatible systems of maps:

(]:é X x TOt(w))ng — g>-1,
(./—"]23 X x TOt(w))ng —n,
(]: X x TOt(w))'ng — g,

and

(FB xx Tot(w))g = @21,
(FE xx Tot(w))%xx —n,
(F xx Tot(w))%xx —g

satisfying the above condition. Combined they give

o (Fi xx Tot(w))v = g5,

o (F2 xx Tot(w))y — n,

° (]: X x TOt(w))U — g.
for some dense open U C D x X such that codimpxx (D x X \ U) = 2. Then since the targets are
affine and sources are normal we get the desired maps. The fact that the first map satisfies the above
condition follows from the fact that it does so when restricted to U.

To prove that ¢p is a closed embedding it is left to show that it is a monomorphism. Let us check

that ¢p is injective on S-points for some test affine scheme S. Suppose that for some affine S the map
on S-points is not injective. This means that there exists a triple {F, F5, Fz} such that

Fr = p(w)(=D)

with two sets of Higgs fields:

e 0% ‘/_'.é X Sx X TOt(UJ) — g>-1,

o 0% F3 xsxx Tot(w) — n,

e 0:F xgxx Tot(w) — g,
and
771 c Fh Xexx Tot(w) = g>—1,
n? : F& xsxx Tot(w) — n,
n:F Xsxx Tot(w) — g,

satisfying the above condition. Let us show that  — 7, 6" — n® are trivial Higgs fields. It suffices to
show that they are trivial generically on S x X. But note that the triple {8' —n',8% — 5?0 — n} gives
a map

b
SxX — B X B
and since generically the two B-reductions are transversal, we get that the Higgs field is generically
Z€TO0. g

Notation 4.3.4. Let l\rlﬁi)reg’w = l\rfﬁ/preg X Buny Bun“fi.
Note that )
Nilp > — Nilp™®

is a locally closed embedding. Recall (e.g. from Proposition ) that Nfl/pmg’@ smooth and connected
of dimension dim(Bung).

Notation 4.3.5. We denote by Nilp ™% the closure of mreg,«p in Nilp &

red*
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Lemma 4.3.6. The scheme Kosp X1+ Bung Nilpreg’v is non-empty only if
(2—-29)p < ¢ < (2—29)p + deg(D).
Moreover, for ¢ = (2 —2g)p + deg(D) the scheme Kosp X1+ Bung Niﬂ)reg’v s a reduced point.

Proof. By Proposition for (2 —2g)p > ¢ we get that

reg,p 0
— ™

Nilp

s0 (2 —29)p < .
Let us introduce another notation for the stack

Maps(X,pt /T C pt /B Xy yq pt /B) = Maps(X, pt /T C pt /B X ya pt /B7).

We will also call it (Bung XBung Buan)O. Note that

o reg,® °
LD|KOSD><T* Bung N’}]Jpreg'w : KOSD X* Bung Nllp —Z

factors through

—_ '7d D - o
(Bunf?™ P48y Bun ?)° X pun2e-2p-des) {P(W)(=D)} = 2.

By [BEFGMO02|[Proposition 3.2] we have

—2)5—deg(D _ . s
(Bun§e 2P s Bun ,2)° X un(2o-2p—des(0) {P(W)(=D)} ZZ—g—(2g-2)p-dex(D)

for ¢ < (2—2g)p+ deg(D). Then the second assertion follows from Example Finally, it is left to
check that for ¢ > (2 — 2¢)p + deg(D) one has that

(4.3) (Bun$?™ 27748 s Bun?)° X gun@o-2-des0) {P(w)(=D)}

is empty. Indeed, using Plucker description of Bung and Bung-, the data of a point of (4.3 gives a
non-zero map
A A A
[ffézgfz)ﬁ—deg(u) = Vrg > Lz-e
for each dominant weight A. Here F\2972779(P) anq F-% are elements of Bun'Z?™27~9(P) anq
Bunz;” respectively. But this implies that ¢ < (2 — 2g)p + deg(D). O

Example 4.3.7. Denote the point

~— reg,(2—2g)p+deg(D)
Kosp X7* Bung Nilp

by Ap. Let us give an explicit description of A\p € T* Bung. Its underlying G-bundle is induced from

p(w)(—=D) via T C G. The Higgs field is given by the image of the canonical element
o € P(X,0 @ (5(w)(~D) x" w)
along
I'(X,w® (pw)(=D) x" 1)) = I'(X,w® (p(w)(~=D) x" g)).
) —— reg rou
Proposition 4.3.8. If the intersection of Nilp**®* and Nilp 2% inside of Nilp;2§ s non-empty, then
a<A

Proof. Let S be a spectrum of a DVR with generic point  and closed point s. We need to show that
for a morphism

f:8 — Nilp™®

——reg,[i ——re ,5\ v
such that f,, € Nilp #" and fs € Nilp * we have <A
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Consider the commutative diagram

ﬁiﬂ)reg — Bunpg

o

Nllpreg RN BunB gen7

where Bung #" := Maps(X,pt /B — pt/G), i.e. the moduli stack of G-bundles with generic B-
B—gen

reduction. Note that ¢ is a bijection on field-valued points. For a field-valued point p € Bung , we
will say that p is of degree ¢ if the corresponding point of Bunp lies in Bun%. Note that the morphism
Nilp™® — Bung &
maps field-valued points of ﬁﬁi)reg’a C Nilp™® to points of degree d.
Hence it suffices to show that for the induced morphism
f:S — Nilp™® — Bung ™"

we have deg(f,) < deg(fs). We obtain the diagram

17 ———— Bun

!

Bung ><BunT Bunr*

/ B— gerl

54>Bun

where Bung as in [BG02, 1.2.1]. The map f lifts to

S — Bunpg XBunp BunT”

since Bungp — Bumg*gen is proper. Finally, note that field-valued points in the image of

Bunp XBuny Bunr*

B—gen

in Bun, have degree > fi. g

Notation 4.3.9. Denote by Nllpreg’ the union of Nilp™®# such that i is not less than X. Set

Nilp™®&<* = Nilp:*& \Nﬂpmg* .
Remark 4.3.10. By Lemma[].3.8 the map
. re, 7X . re,
Nllprei — Nilp;§
is a closed embedding.

Notation 4.3.11. Let
Nilp? | := Nilp, 4 \ Nilp;e§ <* < Nilp, 4 -

5. TWISTED WHITTAKER COEFFICIENTS AS MICROSTALKS.

5.1. Twisted version of Nadler-Taylor theorem. Let Y be a scheme with a G,,-action, denote by
Y0 the fixed locus. Let yo be a fixed point and i : Yyio — Y the attracting locus of yo, and let Y=° be
the repelling locus. Let £ be a G,,-equivariant line bundle on Y such that £ is canonically trivial.
Let Y is the total space of £ with the zero section removed. Let G be a twisting on Y, such that its
pullback to Y is canonically trivial.
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5.1.1. Let f: Yy>00 — A' be a G,,-equivariant function of Yyio, where the action of G,, on A! is linear

with some weight. Using local coordinates choose (a germ near yo of) a real-valued smooth function
F :Y — R, such that

(1) F|Yy>00 = Ref
(2) F|y§0\y0 < 0.
Theorem 5.1.2. [NT23| Theorem 2.2.2, Proposition 2.3.1] Assume that L has a property that the
diagram
V)° —— Y
Y) —— Y
is Cartesian, where Y is the total space of L with the zero section removed. Let F =1m0oF and choose
a lift Jo € (Y)° of yo. Then there is a canonical isomorphism of functors
(5.1) Gro 01 > @F 0+ ShvgRT MY (V) — Vect .
Moreover, if the shifted conormal T5,~oY +df intersects A cleanly along smooth locus and dimension
90

of the clean intersection is bounded above by the dimension of Y=, then we can choose F such that
¢%yo is a shifted twisted microstalk.

Proof. Let us construct (5.1]). First we will show that the natural map

(5.2) V) = Vi

is an isomorphism. It suffices to check that (5.2) is a bijection on fibers. A point of the target of
(5.2) is by definition a G,,-equivariant map s : A' — Y such that 0 € A! maps to yo. Without loss of
generality we can replace Y by this A' and £ by s*£. But now we are done because s*£ is trivial as

a Gm-equivariant line bundle on A' and there exists a unique G,,-equivariant section of Al - A! such
that 0 € A! maps to 7jo. Next, we show that

(5.3) (V)=° = Tot(L]y<0) — V=7,

where on the RHS we have the total space with the zero section removed. Note that
Tot(L]y <o) — Y=Y xy Y=,

Then for a test affine scheme S a point of this fiber product is the data of

S — Y
(5.4) oj wi
As —— Y
for a G,,-equivariant . We want to show that there exists a unique G,,-equivariant
T:AL Y
fitting in the diagram . Indeed, note that zg is G,,-equivariant. We also know that ™ L is trivial as
a G,,-equivariant line bundle, hence there exists a unique G,,-equivariant section of z* £ with prescribed

value on S 2 Al giving the desired Z.
Equation (5.2) gives that

(5.5) b f.y0 oi b f.y0 oi o 7"!7
where o B
i (Y)Y,
Equation 1D gives that ﬁ|}~,go\% < 0, hence by [NT23| Theorem 2.2.2] we get that

Bfyo 01 > G 5o ShVS™ (YY)  Vect,
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where A = dr (7 'A). This concludes construction of l} since c;Slg,’yO = dr g, © .
We now turn to the second statement of the theorem. But the question is local, so it reduces to the

case when the gerbe is trivial, which is [NT23| Proposition 2.3.1]. d

Combining with Lemma [2.6.6, we get
Corollary 5.1.3. The functor ¢y, © i' is t-ezact and commutes with Verdier duality up to a shift.

5.2. Hyperbolic symmetry. Fix a AT-divisor D of degree A on X and a closed point z € X disjoint
from the support of D.

Notation 5.2.1. Let Bun“&f&D)()Q nx) be the stack classifying G-bundles on X with a structure of
B-reduction on the n-th neighborhood Dy (x) of x, such that the induced T-bundle is isomorphic to

ﬁ(w) (_D)an(m) :
Note that for n large enough the natural map
i: Bunfv(_D)(X) — Bung

factors through Bun‘g(&D) (X, nx).

Notation 5.2.2. For H=G, B, B~ orT, let Bun“}}(fD)(X, nz) be the stack classifying H-bundles on
X with a reduction on the n-th order neighborhood Dy, (z) of x to p(w)(—D) via T C H.

Notation 5.2.3. Denote by Bunx(7D>(X, nx) the fiber product

Bun’ P (X, nz) —o, Bung(fD)(X, n)

(5.6) l l

Bun{ P/ (X) —— Bungf,_\,D)(X7 n).

Construction 5.2.4. Let z € G, act on G and B by conjugation by p(z) € T. This gives a Gy, -action
on each entree of the diagram @ such that all arrows are Gy, -equivariant.

Notation 5.2.5. Set
Bung na Bunpg R Bunr .
Notation 5.2.6. Let Ug C Bung be a quasi-compact open containing p(q~* Buné?giz)ﬁ*degw)).
By [DGI16, 4.7.2] there exists a G,-invariant open
W C Ug XBung Bung(fD)(X, nx)
containing the image of Bun‘;(_D)(X, 71:5)(2972»7‘119%(’3)7 such that

WO =~ Bun;(iD)(X, nz)(29—2)i>—fleg(D)7
Wt o Bun‘g(*D)(X’ nx)(29*2)ﬁ*deg(D)’
W~ Bunu};(jD) (X, nm)@g*?)ﬁ*deg(D)'
Proposition 5.2.7. For the Gy, -action defined in Construction[5.2.7,
Bu1(1;J\,(7D)(X7 nz) - W
is the attracting locus for

p(w)(—D) € Buns P (X, na) 292~ des(D)
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Proof. The action of 0 € A' defines a map qw : W — WP, which together with the forgetful map
iw : W% = WT defines a retraction

(5.7) WO W, gyt AW g0,

Then by definition the attracting locus for some w € W° is W+ x 0 w.
It is easy to see that (5.7)) identifies with

(5.8)
Bun;(*D) (X, nm)@g*?)ﬁ*dEg(D) N Bung(*D) (X, nm)(%’*?)ﬁ*deg(D) N Bun;(*D) (X, nm)@ﬂ*?)f’*deg(D)
coming from T <— B and B — T, hence the result. O

Recall from [FGVO01l 4.1.3] that there exists a canonical function
Up Bun‘x,(*D) — A

Proposition 5.2.8. The function ¥p is Gn-equivariant for the action on the source defined in Con-
struction [5.2.4), and the action on the target by scaling.

Proof. To unburden the notation set Fr := p(w)(—D). For
AT = G,

denote by E;.—T the G,,-bundle induced from Fr. By definition, ¥p is the sum of the functions of the
form

X4

, O o o o
(5.9)  Bunl" — Bung " = H'(X,L3 ) x BH(X, L% ) — H' (X, L% ) = H'(X,w) 2 G,.

Let us check that each of these functions is G,,-equivariant. Indeed, the first map in is induced
by a map
B — Bagi, C Aut(Vi),
which is G,,-equivariant for the action of G,, given in Construction Other maps in are
Gm-equivariant by construction, with the action of g € G,, on H*(X, E?T) and H'(X,w) given by
multiplying a class by g.
O

5.3. Twisted Whittaker coefficients and microstalks. We want to apply Theorem to the
case where Y = W, the G,,-action is as in Construction [5.2.4] and £ is pullback of the determinant
line bundle on Bung (note that £ is Gy,-equivariant since conjugation by p(z) € T/Z(G) gives trivial
action on Bung). We take A = @i‘ed (see Notation . Let us check that conditions of Theorem
B.1.2 are satisfied.

Lemma 5.3.1. The diagram

W) —— W
L
wo —— W

is Cartesian.
Proof. Since the action of G,, preserves the zero section of £ it suffices to check that the diagram

Tot(L£)° —— Tot(L)

| |

Wl —w
is Cartesian.

Indeed, for a test scheme S a map S — Tot(£)? is by definition a G,,-equivariant map S — Tot(L).
The latter gives via composition a Gp,-equivariant map S — W, which by definition factors through
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WP, Hence giving a map S — Tot(£)? is equivalent to giving a G,,-equivariant map S — Tot(L]|y0).
It is left to notice that the action of G,, on Tot(L|y o) is trivial. O

Let us consider a restriction of the diagram (5.6]) to Ug, i.e.

Bun}“’\,(_D)(X7 nx) e, Bung(_D)(X7 nx)|vg

(5.10) l l

Bun]wv(_D)(X) W} Bungf&D)(X, nx)|vg -

As explained in [NT23| (3.12)] the map ayy, is a locally closed embedding. Therefore ay is a
locally closed embedding as well, since the downward arrows in (5.10) are surjective.
Proposition 5.3.2. Inside T" Bung the shifted conormal bundle TB* w(=D) x) Bung(X) +dyp inter-
unN

sects A transversely at a smooth point.

Proof. Let us check that the shifted conormal bundle

L) () Buna (X) + oo = Bun{™ (X) (T" Bung XBung Buniy' ™" (X))

7+ Bun{ P (X)

coincides with Kosp. For simplicity we will check that they coincide on the level of k-points, keeping
in mind that the same argument works for S-points for any affine S.

We described points of Kosp in Remark Let us describe points of the shifted conormal bundle.
By definition, Bun“]\),(fD) (X) parameterizes B-bundles Fp such that induced T-bundle is p(w)(—D). The
stack T Bun“](,(_m(X) parameterizes such B-bundles Fp and an element in T'(X,w ® Fg x” n*). The
map

dyp : Bun‘K,(fD)(X) — T Bunjwv(iD)(X)
is given by
Fp (]:th)v

where t is the image of the canonical section so under
(5.11) (X, ®iezO(@:i(D))) = (X, w® Fr x* (n/[n,n])*) = T(X,w® Fg x7 n*).
Finally, the stack 7" Bung XBung Bun;”\,(_D)(X ) parameterizes B-bundles Fp with the prescribed in-
duced T-bundle and a section in I'(X,w ® (Fg xZ g*)). Note that the map
T* Bung XBung Buny ) (X) — 7" Bun¥ P (X)

is induced by g* — n*. Identifying g* = g we get that points of the shifted conormal bundle are given
by

e a B-bundle g on X such that the induced T-bundle Fr 2 p(w)(—D),

e an element s € I'(X,w® Fp x7 g), such that its image in I'(X,w ® Fp xZ g/b) identifies with

the image of sp under

(X, ®iezO(a:i(D))) = T(X,w® Fr x* g>_1/b) = I'(X,w® Fp x” g/b).

This coincides with the description in Remark zlzl Therefore the intersection is the point Ap by
Lemma [£:3.6] and Ap € A is smooth by Lemma [£:3.8] O

Proposition 5.3.3. Inside T" Bun“GJSJ_\,D)(X, nz)|u, the shifted conormal

Ay, =T, Bun“G)(JVD)(X, nz)|vg + dip

un (=P (x)

intersects A X pung (x) Bung(&D)(X, nx)|u, transversely at a smooth point.
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Proof. Denote
Bung(&m (X, nz)|ve
by V. Tautologically, we have
A XBung(x) V C T Bung(X) XBung(x) V-
Proposition @ implies that A Xpun(x) V intersects

Agp N(T" Bung(X) Xpung(x) V) = T, Bung (X) + dyp

Bun‘X}(_D)(X)

inside of T™ Bung(X) Xpung(x) V transversely at the smooth point

Ab = {Ap, pw)(=D)'},
where
pw)(=D)" := (p(w)(~=D), (B(w)(=D) X" B)|p, () € V.
Hence it suffices to show that
T Bung(X) Xgung(x) V

intersects A;: |, inside T* Bun“G’(,ED)(X ,nx)|u, transversely at

Ap = {p(w)(=D), o} € T*V,
where
o € N(X,w(nz) ® (p(w)(~D) x" g"))
is the image of a canonical element in T'(X,w(nz) ® (p(w)(=D) xT n*)). Indeed, the argument is the

same as in [NT23| Proposition 3.3.2], but we include it for completeness.
First, note that T, TV fits into a short exact sequence
D

(512) Tik(w)(,DyV — T)‘/L/)T*V — Tﬁ(w)(—D)’V

5
However,

Ty, (T" Bung(X) XBung(x) V)
fits into a short exact sequence
(5.13) T3 (—py Bung(X) = Ty, (T" Bung(X) Xpung(x) V) = Tp(w)(-py V-
Therefore it suffices to show that

Ty, (T" Bung(X) Xpung(x) V)

and T)\g A;;D span the image of 77,y _py/V inside T)‘IL/) T*V. The cotangent space T, _py V fits into
a short exact sequence
* * * w(—D)
(514) (TBunz(fD)V)ﬁ(w)(,D) — Tﬁ(w)(fD)’V — Tp(w)(fD) Bun .
Since p(w)(—D) € Bun]wv(_D) was induced from a T-bundle, the codifferential
* * w(—D

Ty~ Bung(X) = Ty (- p) Buny ™"

is surjective. Finally, note that

(5.15) (T*

Buns 2 V)p@ 2) 2Ty =0yV X, ey puns =P Tay Ao = Ty A
Corollary 5.3.4. Inside T* Bun"g;(_D)(X7 nx) the shifted conormal bundle
T ) Bun“G’(fD)(X, nx) + dip

Bun}‘\};iD) (X ,nx

intersects A Xgung (x) Buné(_D)(X7 nz) cleanly along smooth points. The intersection is ndim(N)-
dimensional.

Proof. Follows from Proposition as in [NT23] Proposition 3.3.3]. a



NON-VANISHING OF QUANTUM GEOMETRIC WHITTAKER COEFFICIENTS 27

Notation 5.3.5. Denote
Nilpp, := Nﬂpiz(gi,@—zg)m-deg(m .

We are now ready to state the main result of this section.

Theorem 5.3.6. For F € Shv (Bung) and a At -valued divisor D with

wNilp,
A= (2-29)p + deg(D),
the shifted twisted Whittaker functional
coeff p(F) = ¢y p(w)(— 0yt (F)[dimp(wy— py Bung- (X)]
calculates microstalk. In particular, it is t-exact, commutes with Verdier duality, and
X (coeffp (F)) = enipp, 7-

Proof. By Lemma Corollary and Theorem there exists a real-valued function F' on
W such that

¢'¢)'D,/3(w)(7D)(O/VV)! = ¢F,[z(m)(—D) : Stha,A(W) — Vect
is a microstalk shifted by dim(,)(—py Bung- (X, nz) — ndim N. Therefore
Gl o) (— ) (@) [dimp() (- p) Bung— (X, nar) — n dim N]
is t-exact and commutes with Verdier duality. But we have
gzﬁer,ﬁ(w)(_D) (a@v)!]’{/‘/w! [—ndim G] = ¢y, ’ﬁ(w)(,D)i! [2ndim N — ndim G,
and by smoothness jiy o 7' [-n dim G] is exact and commutes with Verdier duality, therefore
AT
Py () (~)E [diM () (—p) Bung - (X)]
is exact and commutes with Verdier duality. Here

Jw W — Buné(*D)(X7 nx)

and

e Bung(fD)(X, nx) — Bung .
Finally, by Proposition 2.6.7 we have
(5.16)

X(‘z’w’D,ﬁ(w)(fD) o (a@v)!(j‘!;vw!]:) [dim () (= py Bung- (X, nz) — 2ndim N]) = Cipp (7by ! ) [ dim N’
where
Nilpp, == Nilp, X7+ Bung; (W XBung T Bung) < T*W.

However, the left side of coincides with x(coeff p(F)), and the right side of coincides with
cNilp 7 by [KS94) Proposition 9.4.3]. O
6. CONSERVATIVITY OF WHITTTAKER COEFFICIENTS.

6.1. Conservativity for nilpotent sheaves.
Theorem 6.1.1. The functor

coeff™®® : Shv,. nilp (Bung )V "™ — Whit, (Gre)
18 conservative.

Remark 6.1.2. More generally, this implies that for every F € Shv, nip(Bung) with non-zero pro-
jection to Sth,Nﬂp(Bunc)Wh’temp we have

coeff'*°(F) # 0.



28 E. BOGDANOVA

Proof. We have F ¢ Shv, niip(Bung)Wh-anti-temp therefore by Proposition We have
SS(F) N Nilp;e§ # 0.
Choose a minimal A € A™ such that SS(F) N Nilp™&* £ 0 and a AT-valued divisor D on X with
A= (2—2g)p+ deg(D).
We claim that coeff p (F) # 0. )

Indeed, there exists ¢ and a constructible G € H*(F) with Nilp™®* € SS(G). Then by Theorem
we have coeff p(G) # 0. By Theorem we have

H°(coeff p(G)) — H°(coeff p(H'(F))) = H'(coeff p(F)),
which implies the claim. O
6.2. Conjectural metaplectic spectral action. Recall from [GL18], 6.3.3] that to x we can associate
a metaplectic Langlands dual datum
(Hz gZa E)
consisting of a reductive group H, a Z-gerbe Gz on X (where Z is the center of H), and a homomorphism
€:2/2Z — Z(k).
6.2.1. In [GL18| 9.2], Gaitsgory and Lysenko construct the factorizable metaplectic geometric Satake
functor
(6.1) Sat : Rep(H)g, Ran — Sph,. Ran

from an appropriately twisted factorization category of representations of H to twisted spherical cate-
gory. This defines an action of Rep(H)g, ran o0 Di(Bung). Parallel to the untwisted case, Gaitsgory
and Lysenko ([GL18, 9.6]) construct a spectral localization symmetric monoidal functor

(6.2) Loc : Rep(H)g, Ran — QCoh(LS8Y7)
to the category of quasi-coherent sheaves on the stack of twisted local systems (|[GLIS| 8.4]).

Conjecture 2. The action of Rep(H)G, ran 0n Dw(Bung) uniquely factors through QCoh(LS%Z) via
Loc.

6.3. Conservativity for general D-modules and all nilpotent sheaves.
6.3.1. In this section we will prove the following statement modulo Conjecture
Theorem 6.3.2. The functor
coeff'*® : DMod,, (Bung) """ — Whit, (Grg)
18 conservative.
The proof will follow the argument in [FR22, 10.3.3]. First, we generalize [AGK™22, 20.9.1].

Lemma 6.3.3. For any field extension k'/k, the inclusion
Shvﬁﬂ/kl,Nilpk, (Bunc,kz) ® ) Vect,s — DMOd,ﬁ,/k/(BunG’kl) ®

) Vect,s &
(6.3)

g g
QCoh(LsH?k, QCoh(LsH?k,

2~ DModk (Bung) ® 9z Vect
H

QCoh(LS
and its analogue for the tempered subcategories are equivalences.
We will also use the folliwing statement:
Lemma 6.3.4. The natural functor
QCoh(LSY7) ®Rep(H)G ) gan QCoh(LS7) — QCoh(LSY#)

is an equivalence of categories.

We postpone the proofs of Lemma and Lemma until section
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Proof of Theorem[6.3.4 Suppose we are given F € D, (Bung) with coeff'®(F) = 0. We want to show
that the image of F in DH(Bung)Wh’temp is zero.

By Lemma 21.4.6], it suffices to show that for any field extension k’'/k and any o’ €
LSYZ (k") the image of F in

DMod,ﬁ(Bung)Wh'temp ® 9z Vect,
H

QCoh(LS

is zero. We also have a commutative diagram (we implicitly use Lemma [6.3.4])
(6.4)

DMod,(Bung) ™ ®Qcon(Ls

F T

Wh-temp ) Vectyr — Whit, (Grg) ORep(H)§_ pan VeClo -
» Ran

9z, Vect,,
H

Shv. sk’ Nilp,, (Bung,x/) QCon(Ls%Z,,

Here the vertical arrow is an equivalence by Lemma [6.3.3] By Theorem [6.1.1] the horizontal arrow in
(6.4) is conservative, hence the diagonal arrow is conservative, and therefore F is zero. g

6.3.5. We also have the conservativity result in the context of all Betti sheaves (recall the definition
of Whittaker coefficients functor from Definition |2.3.6)).

Theorem 6.3.6. The functor
coeff™° : Shvil,lNﬂp(Bung)Wh_temp — Whit, (Grg)

s conservative.

Proof. Follows the argument of Theorem by Remark [6.4.10} using the action of QCoh(LS%Z Betel
on Shv'\, (Bung) constucted in [Par26]. O

6.4. Metaplectic Beilinson’s spectral projector. Recall that Beilinson’s projector is a func-
tor that manifactures Hecke eigen-objects (in the sense of [GLIS| 9.5.3]) from arbitrary objects of
DMod, (Bung).

Notation 6.4.1. For a point o € LS? set
Hecke, := DMod, (Bung) ®Rep(H)fJZ o Vecto,

where the action of Rep(H)§g, ran on Vect, comes from Ev, (IGLIS, 9.5.3]). We will call elements of
Hecke, Hecke eigensheaves.

We can also write

(6.5) Hecke, = MapsRep(H)EgZ - (Rep(H)G,,Ran, DMod, (Bung))

®Rep(H)EgZ Ran -comod
Proposition 6.4.2. The category Rep(H)g, ran 5 Tigid.

Definition 6.4.3. Let C be a symmetric monoidal DMod(X)-linear category, H be a dualizable
symmetric monoidal DMod(X)-linear category. Parallel to |AGK™'22| 8.2], there evists a symmetric
monoidal category

mDMod(X)(07 H),
defined by the universal property that for a target symmetric monoidal category A we have
Mapsp cagsymnon (coHom M) (C H), A) = Mapspyiod(x) -moasymmon (C, A @ H).
Remark 6.4.4. m‘, 11.1.9] The symmetric monoidal functor
Rep(H)§, man — coHlom ) (Rep(H)g,, (X), DMod(X))

is an equivalence.
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Proof of Proposition[6.4.9 Note that multiplication map
(6.6)
MRan : coHom™M*4X) (Rep(H)g, (X), DMod(X))®? = coHom™"* ™) (Rep(H)§,, (X), DMod (X))

identifies with the map

6.7) mRep(H)égZ (X) :coHomPM°(X) (RGP(H)EZ (X) ODMod(X) RGP(H)E'Z (X), DMOd(X)) -
. — coHom ™ ° e c o
Hom™"*™) (Rep(H)g, (X), DMod(X))

induced from the monoidal structure on Rep(H)C. Therefore, since Rep(H)® is rigid,
we get that mpan admits a continuous right adjoint compatible with the action of
coHomPM*4)(Rep(H)g , (X), DMod(X)).

To show that the unit of Rep(H)g, ran is compact, recall that

(6.8) Rep(H)G, ran = colim (Rep(H)g,,)®" (X),

where Tw is the twisted arrow category and
(Rep(H)g,)®" (X)

is the I;-fold tensor product over DMod(X). Since all connecting arrows in the colimit diagram of
admit continuous right adjoints, all insertion functors also admit continuous right adjoints. Thus the
unit object of Rep(H)g, ran is compact. a

The adjunction
(6.9) mult : Rep(H)g, ran ® Rep(H)G, ran ha— Rep(H)g, ran : comult
as Rep(H)g, ran-bimodule categories induces
(6.10) indgecke : DMod, (Bung) == Hecke, : oblvhecke
Notation 6.4.5. We refer to P, := indpecke as metaplectic Beilinson’s spectral projector.
6.4.6. Note that oblvyecke is conservative, and hence monadic. The monad is given by the action of
(6.11) Ry = (@B )(Raep(my, .)€ Rep(H)G, an

where
RReP(H)‘QZ‘REm S Rep(H)Egz,Ran ® ReP(H)éz,Ran

is the unit of the self-duality.
Adapting the proof of [AGK™ 22, Main Theorem 14.4.4], we get (JAGK™22, Corollary 14.4.10])

Proposition 6.4.7. Hecke eigensheaves in Shv.(Bung) C DMod,(Bung) have nilpotent singular
support.

6.4.8. Asin [AGK'22| 16.2.1] we can take a collection of k-points y; on Bung (finitely many in every
quasi-compact open) such that for every non-zero F € Shvy niip(Bung), the !-fiber of F at least one
point y; will be non-zero.

Lemma 6.4.9. The objects Py(d,,) generate

Shv nip (Bung) ® N Vecty .

9z
QCoh(LS;

Proof. For

F e ShVK’Nup(Bunc) % gZ) Vects
H

QCoh(LS
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we have
Ma S i un ec P‘T 6 i3 ’"F =
PSshv,. nip (B G)®QCoh(Lsf{Z)V tg( ( y ) )
6.12 Mapspare un ect (Po(0y,), F) =
( ) PSDMod,. (B G)@QCOMLS%Z)V tf,( (0y;), F)
= MapSDModN(Bunc)(5yi7OblvHeCke("r)) = Mapssth(Bunc)(éywOblvHeCke(]:))'
Since oblvyecke is conservative we get the result. d

Proof of Lemma[6.3.3 Using Proposition

and Lemma [6.4.9] the argument in [AGKT22, 20.9.4]
proves Lemma [6.3.3] O

Proof of Lemma|6.3.41 Using Remark |6. the functor Loc identifies with m (12.12)]. Then
the proof follows [AGK ™22l Theorem 12.6.3]. a

Remark 6.4.10. The contents of this section also hold in the context of all Betti sheaves. Indeed, the
arguments go through verbatim by m‘, 11.1.9]
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