QUANTUM BETTI GEOMETRIC LANGLANDS FUNCTOR

EKATERINA BOGDANOVA

ABSTRACT. We construct the quantum geometric Langlands functor in the Betti setting via Whit-
taker coefficients. We show that the functor is compatible with the 2-Fourier-Mukai equivalence
between sheaves of categories over 2-stacks Gez, and Geﬂl(c), which classify gerbes on X with

respect to the center Zg of G and algebraic fundamental group 7 (G‘) of the Langlands dual group
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1. INTRODUCTION.

The goal of this paper is to construct the functor

Betti

Shv, nip (Bung) —=—— Repq(é)
X

between the category of twisted automorphic sheaves with singular support in the global nilpotent cone
to the topological factorization homology of Repq(é). The existence of such functor was conjectured
in [BZN16] and it is expected to be an equivalence.

At the limit kK — Kepig We Tecover the functor L2t constructed in . However, our construc-
tion uses Whittaker coefficients instead of Hecke action, and thus works in the quantum context as

well.

1.1. Betti quantum geometric Langlands theory. The story of geometric Langlands correspon-
dence begin with the following observation. Analogous to the space of automorphic forms, the cat-
egory of automoprhic sheaves carries a family of commuting Hecke operations given by elements
V e Shv(Grg)L+G for every point x € X. Here Grg stands for the affine Grassmannian, i.e. the
quotient LG/L" G of the loop group of G by the arc group.

Theorem 1.1.1. For every irreducible G-local system o there exists a unique Hecke eigensheaf with
eigenvalue o.

This statement is due to Deligne for G = GL1, Drinfeld for G = GL2, Frenkel-Gaitsgory-Vilonen for
G = GL,, and Arinkin, Beraldo, Campbell, Chen, Faergeman, Gaitsgory, Lin, Raskin and Rozenblyum
for general G.

1.1.2. Global geometric Langlands conjectures. Lifting the object-wise statement of Theorem [[.1.1] led
Beilinson and Drinfeld to the formulation of the global geometric Langlands correspondence, which says
(roughly) that

Theorem 1.1.3 ([GR24a), [ABC™24a), [CCE24|, [ABCT™24b]|, [GR24%]). There exists a canonical

equivalence of derived categories

DMod(Bung) —» QCoh(LSs),

where Bung is the moduli stack of G-bundles and LS4 is the stack parameterizing de Rham local
systems on X.

The Betti global geometric Langlands correspondence was introduced by Ben-Zvi and Nadler in
[BZNT6] as a version of Theorem in the Betti sheaf-theoretic context, which still remembers
information of Theoremand fits into the context of topological field theory (compared to Theorem
which fits into conformal field theory). The Betti Langlands correspondence states (roughly):

Theorem 1.1.4. There exists a canonical equivalence of derived categories

L Betti

Shvnip (Bung) — Qcoh(LSgetti)’

where LSZ°™ is the stack of Betti G-local systems. In [GR24a] it is proved that Theorem is
equivalent to the de Rham Langlands correspondence, and thus the proof of Theorem [[.1.3| gives a
proof of the Betti version as well.
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1.1.5. Quantization of global geometric Langlands conjectures. However, both the theory of modu-
lar /automorphic forms and quantum field theory suggest that there should be a generalization of
Theorem [1.1.3]and Theorem[1.1.4f And indeed, both sides of the equivalences L and LP*** deform over
the space of levels for the groups G and G respectively. A level & for G is by definition a W-invariant
bilinear form on the Cartan Lie algebra h of g, whose inverse is a similar kind of datum for §. For a
simple reductive group G the space of levels is 1-dimensional. Let us temporarily be in that situation.
The main idea of Drinfeld, further studied by Stoyanovsky and Gaitsgory-Lysenko is to consider twisted
sheaves/D-modules.

Let Lget denote the determinant line bundle on Bung, i.e., the line bundle whose fiber at a point Pg €
Bung is det RT'(X, gpc). Let L4et denote the determinant line bundle on Bung, i.e., the line bundle
whose fiber at a point Pg € Bung is det RI'(X, gp,, ). Then for every ¢ € k denote by DMod.(Bung)
the derived category of D-modules twisted by cz;hh—th power of Lqet, where h is the dual Coxeter number
of G. Let r be be the maximal multiplicity of arrows in the Dynkin diagram of G. Then the de Rham

quantum global geometric Langlands conjecture says

Conjecture 1. There exists a canonical equivalence of derived categories

DMod,(Bung) —% DMod_ 1 (Bung).
At the limit ¢ — 0 the category DMod_ 1 (Bung) becomes QCoh(LS¢), so Conjecture [1| limits to
Theorem [I.1.3] However, note that unlike Theorem [[.1.3] Conjecture [I]is symmetric.

The quantum Betti global geometric Langlands equivalence in the Betti setting was introduced in
[BZN16] and states that

Conjecture 2. There exists a canonical equivalence of derived categories

L Betti -
Shv, nip (Bung) CT> Repq(G).
S X

Here the right-hand side is the derived category of appropriately twisted Betti sheaves with singular
support in the global nilpotent cone. Let us explain the left-hand side, which is factorization homology
of the category of representations of the quantum group. Note that for ¢ = 1 we have

/ Rep(G) 2 QCoh(LSy),
X
so in the limit ¢ — 0 Conjecture [2| recovers Theorem

1.1.6. Topological factorization homology. The theory of factorization homology derives from the fac-
torization algebras of Beilinson and Drinfeld ([BD04]), and is a topological version of their theory.
Factorization homology with coefficients in n-disk algebras are homology theories for topological man-
ifolds satisfying a generalization of the Eilenberg—Steenrod axioms for ordinary homology; as such, it
generalizes ordinary homology in a way that is only defined on n-manifolds and not necessarily on
arbitrary topological spaces. Second, these homology theories define topological quantum field theories
([CG17]). An important special case is that of associative algebras where factorization homology over
the circle recovers Hochschild homology.

Let us comment on the definition of [, A for a topological n-manifold M and an Ep-algebra A
in the sense of [Lurl7, 5.4]. We can think of A as a (appropriately twisted) family of E,-algebras A,
parameterized by € M. In [Lurl7, Chapter 5], Lurie proposes a convenient geometric way to encode
this data. He defines the topological Ran space Ran(M) as the collection of all nonempty finite subsets
of M. Then he defines a cosheaf Fa, whose stalk at S € Ran(M) is ®scsAs. We can view Fu as
a constructible cosheaf of Ran(M), obtained by gluing together locally constant cosheaves along the
locally closet subsets of Ran(M).

We refer to the global sections Fa(Ran(M)) as the topological factorization homology of M with
coefficients in A. A collection of striking properties of this construction is formulated and proved in
[Lurl?, Chapter 5.5].
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1.2. Main result. The goal of this paper is to construct the quantum Betti Langlands functor LEet

of Conjecturemodulo the (conjectural) quantum Fundamental Local Equivalence discussed in Section
0.2l

First, let us mention that in the non-quantum case the construction of the functor is given in
[GR24a). Namely, they define the functor

Lcoarse,Betti,L . QCOh(LSgetti) N ShVNj]p(BunG)

as follows. Recall that via geometric Satake the Hecke action defines an action of Rep(G) on
Shvnilp(Bung) for every point x € X. In [NY19] Nadler and Yun showed that this action is lo-
cally constant with respect to the point of X, and hence gives a natural action of QCoh(LSgem) on
Shvnip (Bung). Then the functor [ coarse,Betti,L o given by acting on a certain object

Poin(:!vac’glOb € Shvniip (Bung).
Lastly, in [GR24a] it is proved that L*®BetthL 5 qmits a right adjoint LeoarseBetti,

However, one of the main defects of the quantum setting is that the Hecke action is more degenerate:
for instance, for irrational ¢ the category Shvc(Grc)L+G is equivalent to the category of vector spaces,
so the Hecke action carries no information. Therefore the strategy of [GR24al] does not work.

But there is a tool that still works as expected in the quantum setting and provides finer information
than Hecke action: Whittaker coefficients. Thus instead, we are going to use this tool to construct LB,
We also embed our construction of LE*" into the formalism of 2-Fourier-Mukai transform of [GR24H)].
Recall that this is an equivalence between sheaves of categories over the 2-stacks Gez, and Gem@),
which classify gerbes on X with respect to Zg and 1 (G).

In Sectionwe upgrade the categories Shv, niip(Bung) and fX Rep, (G) to sheave of categories over
and Gez, and Ge,, (&) respectively, and the assertion is that the resulting two sheaves of categories map
to one another under the 2-categorical Fourier-Mukai transform. This implies that LE°*"! intertwines
convolution action of Shv(Bunz, ) on Shv,; niip (Bung) with the action of QCoh(Ge, | (&) on [ Repq(é)
via the 1-categorical Fourier-Mukai equivalence

Shv(Bunz, ) = QCoh(Ge,, ()

As an application, using this we generalize the result of [Bog25|] from the case of adjoint group G to
the case of arbitrary G.

1.3. Outline of the proof. Recall that there are several properties of LB®** that fix the functor
uniquely. Among these is the condition that “the first Fourier coefficient” functor on DMod(Bung)
correspond to the functor I'(LSZ*™", —).

The quantum version of this compatibility can be expressed as the commutativity of the diagram

Whit . (G)Ran —— ['*(Ran, Rep, (&)

(1.1) Jeoute Tr.

SthNilp(Bung) T fX Repq(G).
Here the top arrow is the Fundamental Local Equivalence (see Subsection between the category of
Whittaker ind-constructible sheaves on the Beilinson-Drinfeld Grassmannian and (the appropriate Ran-
version of) the category of representations of the quantum group, coeff'®° is the Whittaker coefficient
functor defined in Subsection @ and I'y is the functor discussed in Corollary Let us say more
about the definition of T'**(Ran, Repq(é)). As was mentioned, from the category Rep, (G) we can
form a cosheaf of categories Repq(é)Ran on Ran(X). Then I'*(Ran, Repq(é)) is the category of lax
global sections of this cosheaf. Informally, this means that for every x € X we need to give an element

Vz € Rep,(G)z, and for every specialization = ~ y we need to give a map may(Vz) — V,, where

Mgy : Rep,(G)z — Rep,(G)y is the corresponding specialization map.
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So to give the construction of LB¢** the first thing we do is, parallel to the de Rham case (|Gaildl
Proposition 4.3.4]), prove that Iy is fully faithful (Corollary . Then we formulate the property that
distinguished [, Rep,(G) inside Rep,(G)ran. Informally, the property says that the collection

{Va}aex € I'™(Ran, Rep,(G))
lies in fx Repq(é) if and only if for every specialization x ~» y the natural map
Ve = mi, (V)

is an isomorphism.
Let us explain how to check this property on X?2. Let us also assume, for simplicity, that the tangent

bundle to X is trivial. Tt suffices to show that for every G € Rep,(G)x2\ x,, and

2
F S ShVthriV,Nilp xXT* X2 (BUDG x X )

we have
(1:2) (CO0™ (F) x5, (9)) 2 (c00™(F) s x,, 6,
where (—, —) are the duality pairings, and
MRep, (G) 2, x, Rep, (G)x2\x, — Rep,(G)xa
is the map

LS(X?\ Xa) ® Rep,(G)®* — LS(Xa) ® Rep, (G)

coming from the Es-structure on Repq(é) and encoding all Mmg.y.
To show (1.2]), we consider the functors

(1.3) Poincs co 1= (coeffloc)v : Repq(é)x2\XA — ShV  moriv, Nilp xT* (x2\ X ) (Bung ><(X2 \ Xa))
and
(1.4) F: Shvtrile&,T*(XQ\XA)XNilp((XQ \ Xa) x Bung) — ShV(X2 \ Xa)
defined as
|
F = pX2\XAdisj,*(]: ® F").

We show that they have the property of being defined and codefined by a kernel, a notion introduced in
[AGK™22a]. In particular, this means that both l) and 1| commute with mg., (&) , which
O\ X2\ X A

gives the desired equivalence (|1.2)).
1.4. Notations and conventions.

1.4.1. Categories. We use the formalism of co-categories developed in [Lur09], [Lurl7], and theory of
DG categories as understood in [GR17]. By a DG category we mean k-linear stable co-category. We let
DGCat be the category of presentable DG categories with continuous functors with monoidal structure
given by the Lurie tensor product ®.

1.4.2. Lie theory. Throughout the paper G will stand for a reductive group over k of adjoint type. We
choose Borel subgroup B C G, the opposite Borel B~ C G and the Cartan subgroup 7'= BN B~. Let
N (N7) be the unipotent radical of B (B™). Let A (A) denote the lattice of weights (coweights) of G.
Let AT (AT) denote the subset of dominant weights (coweights). Let Z denote the set of nodes for the
Dynkin diagram of G. For ¢ € Z, we let «; (&) denote the corresponding simple root (coroot). Let 2p
denote the sum of simple roots and 25 the sum of simple coroots. Let G be the Langlands dual group
over k for G. We denote by LG (L*G) the loop (arc) group of G.

Let girr C g denote the reduced closed subscheme of irregular elements. We let A" C g denote the
nilpotent cone. We let A™ := A N gi,r denote the subscheme of irregular nilpotent elements. We let
N8 C N denote the open complement to A, which parametrizes of regular nilpotent elements.
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1.4.3. Levels. A level k for G is a G-invariant symmetric bilinear form
% : Sym®(g) — C.

Denote by rg,crit the critical level, i.e. —% times the Killing form. Throughout the paper we will assume
that the level s is non-degenerate, i.e. that Kk — kg it is nondegenerate as a bilinear form. The dual
level % on G for  is the unique nondegenerate level such that the restriction of & — Kg,crit to t° and the
restriction of kK — Kg,crit to t are dual symmetric bilinear forms.

Suppose G is simple. A level k is rational if  is a rational multiple of the Killing form and irrational
otherwise. A level k is positive if kK — Kg,crit 1S @ positive rational multiple of the Killing form. A level is
negative if it is not positive or critical. For general reductive G, we say a level k is rational, irrational,
positive, or negative if its restrictions to each simple factor are so.

Let g be the quantum parameter associated to k. Namely,

q = exp(2migy),

where ¢, is the quadratic form A — k such that the associated bilinear form is x.

1.4.4. (Twisted) sheaves. We will work in one of the following sheaf-theoretic contexts:

e DMod(—) denotes the category of D-modules;
e Shv(—) denoted the category of weakly constructible Betti sheaves (as in [MS22]).

For a level x, let DMod, (Bung) be the category of x-twisted D-modules as in [ABC™24al Section 10.1].
By [GL18| Proposition 3.1.9] from a fixed level k one gets a factorization gerbe Gg on Grg, which
descends to Bung. We let Shv,.(Bung) be the category of sheaves on Bung twisted by Ge.

Remark 1.4.5. Note that by [AGK22bl G.2] all Betti sheaves on Bung with microsupport in Nilp C
T* Bung are weakly constructible.

1.4.6. Ran space(s) and factorization. In the geometric situation, the notation Ran for the Ran space
is borrowed from [ABCT24a]. We refer to loc.cit. for generalities on Ran spaces and factorization.
The topological Ran space Ran(M) is as in [Lurl7, Chapter 5].

1.5. Acknowledgements. I am very grateful to Sam Raskin for suggesting this project and for many
discussions along the way. I am also grateful to Dennis Gaitsgory and Lin Chen for many useful
suggestions and explanations. I thank Lin Chen for explaining the contents of Section [5| to me, and
Dennis Gaitsgory for his comments on an earlier version of this text.

2. GENERALITIES.

2.1. Whittaker coefficients and Poincare functors.

2.1.1. Recall the Kirillov model of the Whittaker category from [Gai20, Section 1.6]. Namely, consider
a category C with the action of G,, X G,. Let Kir(C) denote the quotient C®m /C®m*®a  where we
use the forgetful functor

CGm XGq N CGm

The natural map p : C®™ — Kir(C) admits a fully faithful right adjoint denoted by p® and a fully
fithful left adjoint denoted by pT.

Consider LN and its non-degenerate character x, and C = Shv,{(GrGVp(wX)yz)ke“X). Then C admits
an action of G,, via g, and we get

Notation 2.1.2. Whit, (G) := Kir(Shv.(Grg pwy),z))-
The similar construction works in the setting of Beilinson-Drinfeld affine Grassmannian:

Notation 2.1.3. Whit.(G) := Kir(Shv.(Grg swy)))-
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2.1.4. The Whittaker category admits a global model. Namely, for Z — Ran let Buny ,(wy),z be the
stack introduced in [CCF*24] Section 10.2.1]. Denote by pz the projection

Buny ywy),z = Bung xZ.

Denote by Shv,(Buny,y(wy),z) the corresponding category of twisted sheaves, by means of the pullback
of the gerbe corresponding to . Following [Gai20), Section 4.7] we can define a full Kirillov model
subcategory

Whit, (G)%'°" € Shv,.(Buny, p(wy),z)°"
We have a naturally defined map

T=Z GrG,p(wX),Z — BunN’p(wx)yz.
Theorem 2.1.5. [Gai20, Theorem 5.1.4] The functor (rz)* induces an equivalence
Whit, (G)8'°" =5 Whit, (G).
We refer to [ABC™24al Section 9] and [CCE"24) Section 10.2] for more details.

Remark 2.1.6. Note that the pairing I'i(— ® —) induced the duality between between Whit, (G) and
Whit_.(G).
2.1.7.  We define the functor

coeff'° Shv,; nilp (Bung) — Whit, (G)

as the composition
(2.1)

Shv . Nitp (Bung) 2% Shvi, (Buniy, p(u y).2)®™ 2 Shve (Bl p(wy )2/ ker(x))®™ % Whit,.(G)

We define the functor

coeffi°® : Shv . nilp(Bung) — Whit, (G)
as the composition
(2.2)

Shv e nitp (Bung) 2 Shv, (Buny pwy).2)" —o Shv, (Bl puy .2/ ker(x))®™ 2 Whit,.(G)
To define Poincare functors, recall the Beilinson’s projector functor P of [AGK™22bl Section 18.2]. We
have an adjunction

P : Shv,(Bung) —— Shv ~ip(Bung) : ¢.

We define functor Poinci, Poinc, : Whit, — Shvniip(Bung) to be the compositions

L

(2:3) Whit, (G) £— Shv,i(BunN,p(wx)z/ker(x))Gm oblv, ShVN(BunN,p(wx),Z)Gm

Shv,. By p(wy).2)°" 2 Shv,. (Bung) <> Shvi. i (Bung)
and

. pl oI G oblv > G

(2.4) Whit, (G) — Shv.(Buny ,(wy),z/ ker(x))"™ —— Shv.(Buny ywy),z) ™"

Shv . (Bl p(wx).2)%" 2 Shy, (Bung) ©» Shv. nip (Bung)
respectively.

Remark 2.1.8. Note that the functors (Poinc, coeff'°®) form an adjoint pair.

Remark 2.1.9. The functor Poinc; is identified with the dual of coeffi°° under the duality between

Shv . nip (Bung) and Shv_,; nip (Bung) induced by T'i(— ® —) (JAGK™'22b| Theorem G.5.2]) and the
duality between Whit,.(G) and Whit_,(G) in Remark[2.1.6]

2.2. Constant term and Eisenstein series functors.
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2.2.1. Let k be a level for g, and recall that we use the same character x to denote the corresponding
level for m.
We let
CT!_ : Shvem-tG_M(BunG) — ShVCM1M+H(Bun]\4)
denote the composition
det®73
()" # 4 Bung ar
Shv,(Bung) — Shv,(Bunp-) ~ Shv o1 (Bunp-) —

dlog(detBElG M )+

— Shv,. (Bunp_ ) ' Shv,(Bunas) = Shv,.(Buna) =3 Shv,. (Bunar),

where
shift := dim . rel.(Bunp- / Bunas).
By [DG16), Proposition 1.1.2] the functor CT,” admits a right adjoint Eis. when restricted to one
connected component.

1
Moreover, one can also define the functor Eis, as [shift] o (p7)1 o (® detguné ) o (@) By [DGI6
Proposition 1.2.3], the right adjoint CT, to Eis; exists and is canonically isomorphic to CT: when
restricted to one connected component.

Proposition 2.2.2. The functors CT, , Eis., Eis;, CT, preserve nilpotence of singular support.

Proof. Follows from the Hecke compatibility of the functors ([BG02] and [FH25]) and Hecke description
of the nilpotent singular support of [AGK™22b| as in [GRIT, Proposition 1.4.2]. a

Notation 2.2.3. We are going to use the same notation for the functors between Shv, niip(Bung) and
Shv . nilp (Bunas) induced by CT|, Eis., Eis;, CT, wvia Proposition

Recall the following statement from [DGI16]:
Theorem 2.2.4. [DGI6, Theorem 1.2.3] The functors CT}"~ and CT% are canonically isomorphic.

Note that under duality in Remark we have
(2.5) Eis) = (CT))".

2.2.5. For an M-torsor Pj; we define the translated constant term and Eisenstein functors
EiSIPzM : Shveritg+x (Bung) &= Shverit,++ (Bunag) : CT*_,PZM
by
Eis;pZM := Eis;” o(translp, ). and CT:J’ZM = (translp, ) o CT,,
where
translpzM : Bunys — Bunyy,

is the automorphism given by translation by Pas.

2.3. Naive and corrected quantum Jacquet functors. The goal of the rest of this section is to
recall the constructions of local and global versions of enhanced Jacquet functors, which are going to
be used in the sequel.
We now recall the contents of [GL18, Section 5.1]. Let P be a parabolic group of G, let P — M be
the Levi quotient, and let Np be the corresponding unipotent group. Let A denote roots of unity in k.
Consider
GI"G <L GI‘P é GI‘]\/I .

Lemma 2.3.1. [GLI8| 5.1] For any S — Ran the pullback along q induces the equivalences
GQ(S X Ran GTM) — Ge(S X Ran Grp)

and
FactGe(S Xran Grar) — FactGe(S XRran Grp)
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For Gi € FactGe(Grg), denote its pullback to Grp by Gp. Let G be the corresponding factorization
gerbe on Grys. Then for any S — Ran the functors

p': Shv,(Grg) — Shv,.(Grp)
and
g+ : Shv.(Grp) — Shv.(Gras)
are well-defined by [DG16]. We refer to the resulting map g. o p' of sheaves of categories over Ran
Shv.(Grg) — Shv,(Grar)

as the naive Jacquet functor.

However, to make this functor compatible with geometric Satake and with factorization, one need
to perform a certain correction by applying a cohomlogical shift. This procedure is described in [GLIS8|
5.3].

We denote the resulting functor

Shv,.(Gre) — Shv.(Grar)

by Jg,". However, we will also need a version of Jacquet functors which encode the Hecke structure as
well, i.e., the so-called enhanced Jacquet functors. We give the definition in Section 2:5] Before that,
we digress to introduce the background, mostly discussed in [GL19] and |[CCF™24].

2.4. The metaplectic semi-infinite category. Consider the factorization category
I(G, P := Shv,(Grg)“Nr LTM,
Here the renormalization procedure is with respect to LT M and is given as in [CCEF™24, Section 1.2].
As in [GLI9, 14.2], we have that I(G, P~ ) admits a natural action of the spherical category Sph, (G).

Also, as in |[CCF24, Section 1.3], we get that I(G,P~) admits a (corrected) action of Sph, (M)
commuting with the action Sph,(G).

2.4.1. We have a factorization functor

I(G,P):= Shv,i(GrG)LN;'LJrM N ShVN(GrP_)LN;‘L+M ~

(2:6) [shift]
= Sphq(M) D Sphq(M),

where
e the second arrow is (p~)',
e the last arrow is the shift by (\,25p) on Grj;.
Analogous to [Gai22l Proposition 1.5.3] and [FH25|], the functor admits a factorization left
adjoint:

(2.7) indsn, o : Sph, (M) =2 Sph (M) =5 Shv, (Grp ) Ve 27 20 (g po),
Define
AT2 = indsphqﬁ%((Sl,GrM)-

In other words, A™% is the l-extension of the dualizing sheaf on the LNp_-orbit through the origin
in Grg. In the quantum context the object A™T still satisfies the properties described in [CCE™24]
1.3.5-1.3.9]. We also have a functor

(2.8) Sph, (M) 25, §pn () 27 Sty (Grpn yEVPETM @5, 1 poy,
denoted by indgphq%%. Set
Vsph,—sp = indspn, e (01,6rp)-
The object Vsphqﬁ% satisfies the properties described in [CCF 24| Section 1.3.10-1.3.12]. Recall that
there is also a factorization algebra

==
2

1c;
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in I(G,P7). It is constructed in [GL19, Section 13] for the principle parabolic. The construction for
general parabolic follows [FH25] and [DL25]. This algebra is unital and equipped with homomorphisms

of unital factorization algebras Asphq_,% —1C; % — Vsphq_,%.
2.5. Enhanced quantum Jacquet functors. In this section we recall the construction given in

[GL19] Section 15] and [CCF*24| 1.8] of the generalized Jacquet functors. The functors Jg;!*, Ja",
and Jg;' are defined using the correspondence

GI“M < GI“M X Ran Gr(; — Gr(;

N‘S

using the kernels IC;,’1 , Vsphq_l -, and Asphq_l . respectively. We can also perform the twisting
by p(wx) as in [ABCT24al 1.8.5], and we denote the result by the same notation Jg;'*, J5;*, and Jg;'.

Remark 2.5.1. The functors Jg,'*, J5)", and Jg;', when restricted to Whit,,(G) map to Whit, (M) C
ShVN(GI‘IV[).

Notation 2.5.2. We will denote by J‘fv’}!};, Jwiies and J‘;,’}!]it the resulting functors
Whit, (G) — Whit,. (M).

3. MIRACULOUS DUALITY FOR BETTI SHEAVES.

In this section we develop the miraculous duality functor in the context of Betti sheaves and prove
that it is an equivalence. The main resultion of this section, Theorem [3.1.8] will be used in Section

3.1. The unit. Let us introduce the following category (defined in the de Rham context in [DG15]):

(3.1) Shv. (Bung)co := UccoéiurlrjlG Shv. (U),
where the colimit is taken over the poset of open substacks such that the intersection with every
connected component of Bung is quasi-compact, and the transition functors are given by j..
Remark 3.1.1. There is a natural functor

Shv, (Bung)co — Shv. (Bung).
Howewver, it fails to be an equivalence.

3.1.2. Let Y be a QCA stack (see [DG15] for the terminology). Let i : Z < ) be a closed substack,
let j : U < Y be the complement open.
Following [DG15, Definition 2.1.6], we introduce:

Definition 3.1.3. The substack i : Z < Y is called truncative (resp. j : U — Y is called co-
truncative) if i is defined on all Shv(Y) and admits a continuous right adjoint. Equivalently, if j. is
defined on all Shv(U) and admits a continuous right adjoint.

Definition 3.1.4. A locally QCA stack Y is called truncatable if it can be covered by open substacks
which are co-truncative.

Proposition 3.1.5. The stack Bung is truncatable.

Proof. Follows the proof of [DGI5, Theorem 4.1.12] by adapting the proofs of Propositions 2.5.2 and
2.3.4 to the Betti context. g

Corollary 3.1.6. We have
(3.2) Shv (Bung) 2 . lim Shv,.(U),

CBung
where the limit is taken over the poset of co-truncative open quasi-compact substacks of Bung;

(3.3) Shv, (Bung)co Uccoélurllllc Shv, (U),

where the limit is taken over the poset of co-truncative open quasi-compact substacks of Bung.
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Construction 3.1.7. By Corollary[3.1.6, the category Shv_.(Bung)eo is dualizable. Therefore, the
category
Shv, (Bung) ® Shv_. (Bung)co

can be identified with
(3.4) lim (Shv.(U) ® Shv_,.(Bung)co)-

UCBung

Let us define an object
Ay co(w) € Shv.(Bung) ® Shv_ . (Bung)co-

As a compatible system of objects in the formula , the object A co(w) is
Jr,co0 0 Ay (wr) € Shve(U) ® Shv_ . (Bung)co.
Here w is the dualizing object.
The object A, co(w) defines a functor
Vect — Shv,(Bung) ® Shv_. (Bung)co,
and by duaity between Shv,(Bung) and Shv_, (Bung) described in Remark this gives a functor
Ps-I1dM . Shv_,(Bung) = Shv_.(Bung)co.
The goal of this section is to prove the following Betti analog of the Miraculous duality for Bung:
Theorem 3.1.8. The object
Ay co(w) € Shv, (Bung) ® Shv_, (Bung)eo

defines a duality between Shv.(Bung) and Shv_,.(Bung)eo. In other words, the functor Ps-I
equivalence.

Define

dMiT is an

Eist, . : Shv.(Bun;)co — Shv.(Bung)co
as a compatible system of Eis) functors on open co-truncative substacks. Define

Bisco,» := EP Bist, . .

Proposition 3.1.9. The functor Eisco« admits a continuous right adjoint Eisf;’*.

Proof. By [Gail@, Proposition 2.4.3], on every open co-truncative substack the functor Eis, admits a
— = *
finite filtration by functors Eisi o H*(—), where H*(—) := hi(h*(—) ® K“). We note that Eis; admits a
—

continuous right adjoint, and H® does as well since K¢ is ULA relative to h. Therefore on every open
co-truncative substack the functor Eis. admits a continuous right adjoint, and thus Eisc, » admits a
continuous right adjoint as well. g

3.2. Cuspidality in the co-category. As in [DGI6], let

Shv, (Bung)eusp C Shv, (Bung)
be the intersection of kernels of CT. for all proper parabolic subgroups. Equivalently, we have
(3.5) Shv, (Bung)eusp = (Sth(Bunc)Eis)L,

where Shv,(Bung)ris C Shv,(Bung) denotes the subcategory generated by Eis, for all proper parabolic
subgroups.

Definition 3.2.1. Define Shv.(Bung)co,cusp C Shv.(Bung)eo as
ShVK(BunG)CD,CuSp = (ShVK(BunG)CD,EiS)L’

where Shv,.(Bung)co,gis C Shv.(Bung)eo is the subcategory generated by Eis. co for all proper parabolic
subgroups. Equivalently, Shv,(Bung)co,cusp 1S the subcategory generated by Eisg)y* .

Recall from [DGI16l Proposition 1.4.6] the following characterization of the support of the cuspidal
objects:
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Proposition 3.2.2. There exists a quasi-compact open jo : Uag C Bung such that for any F €
Shv,. (Bung)cusp the maps
jc 1 j6F = F = jo«jGF

are isomorphisms.

We claim the parallel statement also holds for Shv, (Bung)co,cusp:
Proposition 3.2.3. For any F € Shv,(Bung)co,cusp the map
(36) F HjG,*,COjZJ,coF
is an equivalence.
Proof. 1t suffices to show that
(37) (Flb(F — ]‘G,*,cojgycoF)) S ShVR(BunG)cmEis.
We will show that for every A € AJ, such that A ¢ ¥ (for ¥ as in [DG16, B.1.2]), and the Harder-

Narasimhan component
iy : Bung) — Bung
and any W € Shv,{(Bung‘)) we have
(3.8) ix,x,00(W) € Shv, (Bung)co,Eis-
Take V as in [DG16, Lemma B.3.2]. We claim that Sth(Bun(C;\)) is generated by images of
(3.9) (Ply—1(v))«q" = Shvie(V) — Shv,(Bun$).

First, notice that by [DG16, Lemma B.3.5] the map ¢' is an equivalence. Then let C C Shv,@(Bung‘>)
be the subcategory generated by (3.9). Let K € “Cx. Then for any N € Shv, (V) we have

0 2 Hom(K, (ply-1(v)«q (V) = Hom((p|g-1(v)) K, ¢ (V).

Since ¢' is an equivalence and (plg-1(v))" is conservative by surjectivity proved in [DGI6, Lemma
B.3.2], we get that Cy = Shv,i(Bun<G)‘>). Finally, to see 1} notice that

ixco((plg=1(v))d (V) & Eisu co(iv.s.co (V)
g

Proposition 3.2.4. Let F' € Shv.(Bung)co be such that there exists a quasi-compact open j : U C
Bung and the map

F % j*,COj:O(F)
is an equivalence. Then F € Shv,(Bung)co,cusp 4f and only if CTy co(F) = 0 for all proper parabolic
subgroups.

Proof. First, note that under these condition F' € Shv,(Bung)co,cusp if and ony if for every co-truncative
Jjw : W C Buny and N € Shv,. (W) we have
(3.10) Hom (5" Eiss jw,« N, joo(F)) 20

for every proper parabolic subgroup.
Now consider CT oo (F). By [Gail6l Proposition 1.5.7] for a certain quasi-compact open jg : Q C
Buny we have

CT*,CO(F) & jQ,*,cojacT*].*].:o(F)
Now the condition that CT. co(F') is zero for all proper parabolics translates to
(3.11) Hom(A, j4CT. j.ji(F)) & Hom(j" Eis jo. A, jio(F))

for all A € Shv(Q).
Since both jg 1A and jw,«N are supported on finitely many connected components of Bunas, the
fact that conditions (3.10) and (3.11) are equivalent follows from [Gail6l Proposition 2.4.3]. O
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Remark 3.2.5. Consider the quasi-compact open Ug from Proposition[3.2.9 Set
Shv . (Ug)cusp := Shv.(Ug) N Shv . (Bung)cusp

as subcategories of Shv.(Bung), where Shv,(Ug) is viewed as such via the embedding ja,«-
Set
ShVN(UG)CO,CuSp = ShVN(UG) N ShVN(BunG)CO,CUSp
as subcategories of Shv.(Bung)co, where Shv, (Ug) is viewed as such via the embedding ja «,co-
Note that the identity functor on Shv.(Ug) identifies subcategories Shve(Ug)cusp and
ShV»i(UG)co,cus;w

Remark 3.2.6. As in [Gail6l 3.2.4] we have a natural transformation

(3.12) Idug — j&.co Ps-1AM jg o[~2 dim(Bung) — dim(Zg)].
Let
(3‘13) Ps-Idaig : ShVN(Ug) — ShV,i(Ug)

denote the cone of (3.12).
Let @ be the open in Buny as in [Gail6l, Proposition 1.5.7]. Recall the following ([Schi7, Theorem

4.3.1], [Gail6l Proposition 3.2.6]):

Proposition 3.2.7. The functor Ps-Idaig admits a finite decreasing filtration, indexed by a poset, with
subquotients being functors of the form

’
J& Eist T g

iS5 CTwia « ! ’ [
QT Shv (QM) T Shv, (@) T Sy, (Ug),

Shv. (Ug)

for a proper parabolic P with Levi quotient M, where p, i’ € w1 (Buny) and FHr' s some functor

Shv,.(Q") — Shv,.(Q"").
Corollary 3.2.8. The morphism induces an isomorphism

sy, (Ue)easy =2 PSTAM |Shy, (U6 yeuep [~ 2 dim(Bung) — dim(Zc)).
Proof. Follows from Proposition as in [Gail6l Corollary 3.2.2]. a
Corollary 3.2.9. The functor Ps-IdM" induced an equivalence

Shv, (Bung)ecusp — Shv (Bung)co,cusp-

Proposition 3.2.10. The functor Ps-Id™M" induced an isomorphism
(3.14) Homgpy,, (Bung) (F', F)) — Homspy, (Bung e, (Ps-1dY (F'), Ps-Id™" (F)),
given that F' € Shv(Bung)cusp-
Proof. Follows from results of the present section as in [Gail6)], 3.4]. g
3.3. The strange functional equation.

Proposition 3.3.1. For a parabolic P and an opposite parabolic P~ we have an equivalence of functors

(3.15) Eisco,« 0 Ps-Id™" = Ps-1d™M" o Eis; .

Proof. Both sides correspond to objects in

(3.16) Shv_ . (Bunas) ® Shv.(Bung)eo 22 lim  (Shv_.(Uwm) ® Shv,(Bung)co),
Upnr CBunjpy

where Uy C Bunjs are co-truncative opens. We claim that both sides of (3.15) correspond to the
system

(317) {(Id ®j*,c0) o (q X p)* o A*(wqfl(Uju)) c ShV—n(UM) (24 Shvn(BunG)co}UM CBun)y -
Indeed, the left-hand side of (3.15|) corresponds to
(Id®Eisco,*)(A*,co(WBunA{)),
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and the right-hand side corresponds to
(CT* & Id) (A*,co(wBunG ))7

and the assertion follows by base-change.

Recall from Proposition that the functor Eisco,« admits a continuous right adjoint Eisf:‘),*.
Proposition 3.3.2. For a parabolic P the natural transformation of functors
(3.18) Ps-1d"" oCT, — Eisl, , o Ps-1d™"

is an equivalence.

Proof. We need to prove that the natural map
(3.19)  (Eisi @ 1d)(As co(WBuny, ) — (A @ Eis L) (A co(WBung ) € Shv_.(Bung) @ Shv,. (Bunar)eo

is an equivalence.
Recall that
(3.20) Shv_..(Bung) ® Shv.(Bunas)co = lim Shv_.(Ug) ® Shv. (Unm),
UgCBung,Ups CBunyy
where j : Ug C Bung, u : Uy C Bunjps are quasi-compact co-truncative opens and the connecting
functors are given by (5%, u") (here u” is the right adjoint to u.). We claim that for every quasi-compact
co-truncative opens Ug C Bung, u : Uy C Bunps the map corresponding to (3.19), i.e.

(3.21) (" ®u’) o (Bisi @ Id)(Asco(@Buny ) = (17 ®@u’) 0 (1d @ Eisgo,. ) (As co(WBung))
is an equvalence. Then we can further rewrite (3.21) as
(3.22) (5% 0 Eisi @ Id) o (Id ©u")(As co(WBunyy ) = Ad @ (5% 0 Eisy co 0t o)) (A, v (w)),

which by definition of A. co(wBun,,)) is the same as

(3.23) (j* o Eisy owy ® Id) o (A. (wury, ) = Id®(5" 0 Eisu co 0t c0) ) (Au vg ().
In the D-module setting, by [Gail6, Theorem 4.1.2] we have

(3.24) Eis o Ps-Id; 2 Ps-Id; o Eis. ¢, -

Therefore we also have

(3.25) (j' Bist w) o Ps-Idy 2 Ps-Idy o(5” Eis; co U co)-

Note that both (j! Eis; uy) and (j? Eis«,co Ux,co) admit left adjoints. Indeed, (j? Eiss, co Ux,co) admits a
left adjoint by definition and (5' Eisyw) admits a left adjoint by [Gail6l, Proposition 2.4.3] Thus we
have

(3.26) (j' Eisi w)” o Ps-Ids 2 Ps-Id, o(j” Eisy o ts,c0)

or, in other words,

(3.27) (5" Eisy o Unco) )" @ 1d) As(kuy, ) = (Id @ (5 Eisi un) ) A (kv ).

Rewriting we get

(3.28) (u'CT; i) @1d)Ai(kv,, ) = (Id®(5' Eisiu) ) A (kvg).

Now both sides of this equiation are holonomic D-modules, so applying Verdier duality we get

(3.29) (' Eisyw) @ Id) A (wrry, ) 2 (Id @ (5" Eisy ) ) As (wrrg )-

But this coincides with , hence we get that is an equivalence. O
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3.4. The miraculous functor is an equivalence. Now we are ready to prove Theorem [3.1.8]

Proof of Theorem[3.1.8 We first notice that the case when G is torus follows from Corollary We
will use induction on the semi-simple rank of G, i.e. assume that the assertion holds for all proper Levi
subgroups of G.

By Proposition m the image of subcategory Shv,(Bung)mis under Ps-1dMir generates
Shv, (Bung)eo,ris. By Corollary the image of the subcategory Shv,(Bung)cusp under Ps-IdMir
generated Shv, (Bung)co,cusp. Thus we need to show that Ps-Id™™" is fully faithful.

Recall from Proposition that the functor Ps-IdM"" induced an isomorphism

(3.30) Homgpy, (Bung) (F', F) — Homgpy, (Bung e, (Ps-1dY (F'), Ps-1d™" (F)),

given that F’ € Shv. (Bung)cusp- Hence we need to show that the functor Ps-Id™" induced an isomor-

phism

(3.31) Homgpy, (Bune) (F', F) = Homgpy, (Bung e, (Ps-1dY (F'), Ps-IdM™ (F)),

given that F’ € Shv,(Bung)gis. In other words, we need to show that for Fas € Shv,,(Bunas) the map
(3.32) Homspy, (Bung) (Bisi (Far), F) — Homspy, (Bung e, (Ps-1d" (Bis (Far)), Ps-Id™" (F))

is an isomoprhism. O

However, we have
Homshy, (Bung) (Eist(Far), F) ——— Homghy,, (Bung)eo (Ps-IdM" (Eisy (Far)), Ps-IdV (F))

Proposition mlg

Homgpy, (Bung )eo (Bist co (Ps-1dM™ (Far)), Ps-1d™" (F))
Proposition @lg

Homshy, (Bun oo (PS-1AM (Far), Bisy i (Ps-1dM (F)))
Proposition @lg

Homgny, (Buny) (Fa, CTwF) ——— Homshy, (Bunyy )eo (Ps-1dY (Far ), Ps-1dM™ (CT. F)),

R

where the bottom horizontal arrow is an equivalence by induction. Hence the top horizontal arrow is
an equivalence.

3.5. Miraculous duality for sheaves with nilpotent singular support. Recall from ﬂm‘,
Section 1.6] the projector P onto the category Shv, nip(Bung). Similarly (since ﬂml Theorem
1.3.7] also holds for Shv,(Bung)co), by Remark 13.4.8] there exists a projector P, onto
the category Shv, niip(Bung)eo defined in [AGK*22al 2.5.8].

Proposition 3.5.1. We have canonical isomorphisms

(3.33) (PRIA)(Asco(w)) 2 (P X Peo) (A co(w)) =2 (IdKPeo ) (As co(w)).
Proof. Follows the proof of [AGK™22al Proposition 2.2.2] using [AGK™22al Lemma 2.5.7]. O

Proposition 3.5.2. The object of Shv_, nip(Bung) ® Shvy nip(Bung)eo and the functor

1
Ty c0(—®-)
e

(3.34)  Shv_ nip(Bung) ® Shv nilp (Bung)eo — Shv_.(Bung) ® Shv.(Bung)co Vect

define a datum of duality.

Proof. Follows from Theorem and Proposition [3.5.1] as in [AGK™22al Proposition 2.3.3]. O
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Corollary 3.5.3. The following diagram commutes:

ry(-®-)
)

ShV_,i’Nilp (Bunc) ® ShVn,Nilp (Bun(; Vect
d® Ps—IdM"l / \
Tu,co(—®—)

Shvf,ﬁyNﬂp (Bung) ® ShV,@Nilp (Bung)co .

4. FUNCTORS DEFINED AND CODEFINED BY A KERNEL.

4.1. Functors (co)defined by a kernel. For quasi-compact stacks Y1 and )s, the notion of functors
Shv (Y1) — Shv()%-)

defined and/or codefined by a kernel was introduced in [AGK™22al Appendix B]. The following de-
scription from loc.cit. will be useful.

Lemma 4.1.1. |[AGK"22al B.1.5] The functor
Q : Shv(Y1) — Shv()2)

is defined by a kernel if an only if for any algebraic stack Z the functors idz XQ commute with the
following operations:

e for amap f: Z' — Z, the diagram
Shv(Z' X Y1) ———— Shv(Z’ x )»)

id z, XQ
(ind)Al (ind)AJ/
Shv(Z X Y1) —— Shv(Z x )
idz XQ

commutes;
e for amap f: Z' — Z, the diagram

ShV(Z’ X yl) d—®> ShV(Z/ X yz)
1 Z’

Q
T(fxid)! T(fxid)!
Shv(Z x Y1) idZ—EQ> Shv(Z x Ya)

commutes;
e for F € Shv(Z), the diagram

Shv(Z' X Z x Y1) —————— Shv(Z' x Z X Y1)
idgry z XQ

fof Tm,

ShV(Z X yl) ldz—EQ> ShV(Z X yg)
commutes.

Motivated by Lemmal4.1.1] we introduce the following definition. Let AGCat and its dual AGCat'®®
be the categories introduced in [GRV25].

Definition 4.1.2. For C, D € AGCat, we say that a functor between plain DG categories
f:Cr — Dg
is defined by a kernel if it upgrades to a functor
F:C—De AGCat.
Definition 4.1.3. For C, D € AGCat™®, we say that a functor between plain DG categories
f:Cr — Dg
is codefined by a kernel if it upgrades to a functor
F:C— D e AGCat'".
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The following is a corollary of [GRV25] Proposition 2.7.2]:

Lemma 4.1.4. A functor
f:Cr — Dy
defined by a kernel is also codefined by a kernel if F' admits a right adjoint in AGCat.

4.2. Poincare series functors are defined and codefined by a kernel. The goal of this section
is to prove the following:

Proposition 4.2.1. The functor
Poincy : Whit, (G) — Shv, nip(Bung) € DGCat
is defined and codefined by a kernel.
Notation 4.2.2. Fiz an an affine scheme S. Let
Shvn&triv,Nilp xT*S(BunG XS)Eis,! C ShvanItriv,Nilp xT*S(BunG ><S)
denote the subcategory gemerated by essential images of functors
Eis; : Shvy, niip(Bunas) — Shvy, nilp (Bung)
for all proper parabolics. Set
ShVnEtriv,Nilp xT*S(BunG XS)cusp = (Shvnlzltriv,Nilp xT*S(BunG ><5')Eis,!)l

We have a recollement
LEis,! Pcusp
Shv .c&triv,Nilp x 7+ s (Bung X S)gis,t T———— Shv,®eriv,Nilp x7+s(Bung x5) 7/

PEis,! Lcusp

Pcusp

Shvm&triv,Nilp XT*S(BunG X S)cusp~

Lcusp

Lemma 4.2.3. The endofunctors tgis, © pris,! and Leusp © Peusp GTe defined and codefined by a kernel.

Proof. Note that by construction the functor CT. is defined by a kernel. On the other hand, by the
Second Adjointness Theorem ([DGI16, Theorem 1.2.3]), the fact that Eis, is defined by a kernel, and
Lemma [{.1.4 we get that CT. is also codefined by a kernel.

Note that the functor Eis, is codefined by a kernel by construction. However, by [Gail6, Theorem
0.1.8] and the fact that CT. is defined by a kernel, we get that Eis) is also defined by a kernel. The
assertion of the lemma follows. a

Recall the construction of the quantum constant term functor from [ABC™24al Section 8.1.8]. For an
algebraic group K denote by 7k the Chevalley involution. Let §x := dim Bungk. Recall the translation
maps transl from [CCE"24, Section 1.7].

Proposition 4.2.4. For Z — Ran, the following diagram of functors commutes:

Whit, (G) z pr—T Whit. (G) z¢
POinCG,!,Z[d]\L ‘]V_V’}iit,rl
(4.1) Shv , Reriv,Nilp x 7+ =z (Bung x Z) Whit, (M) zc
CT*#’P(“"X%Z\L POinCM,!,Zl
(Prsmalr, z)t

c
Shv .\, Reriv,Nilp x 7= z (Bunays X Z) Shv,. ,; Reriv,Nitp x 7+ 2 (Bunar X Z=),

where

o CT. ppwy) = (translyypy)) o mar o CT ()

oTG X~

~ Tar o (transl zpp (wy))" 0 CT )

oTG;
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b J\;/’}!Ait,-r =TM 0 J\;/’}!;it Saden
[ ] d = 726(NP)pP(WX> — 5(N;)PP(WX) + 2(51\]; .

Remark 4.2.5. Proposition s a generalization of Corollary 10.1.8], where the state-

ment is for k = Keit, and the proof relies on that condition.

In what follows, we refer to ﬂm, Section 10.5] for the notation, definitions, and properties
related to Zastava spaces.

Notation 4.2.6. Denote by Poinci! and Poinc! the compositions m o oblv and . o oblv respectively.
Proof. Note that by Proposition we have an equivalence of functors
Po CT*,PP(wx),Z = CT*,pP(wx),Z oP: Shvngmv(Bunc XZ) — Shvﬂxtrivyl\]ilp XT*s(Bun]\/[ XZ)

Hence it suffices to prove that the diagram

Whit, (G) z — Whit, (G) zc
Poinc%;lz!,z[d]l J\Xlﬁit,rl
(4.2) Shv .giriv (Bung x 2) Whit,, (M) 5c
CT*:PP(“’X)le Poinc?\}}’!’zl
(Prsmall, )1

Shv,. ,, Reriv(Bunas x 2) Shv,, ,, Keriv(Buny ><Z§)7

By Proposition 10.6.8] the functor

ins.unit z

Tk
Whit,1(G)z " == 2 Whit, 1(G) zc 25" Whit,,, (M) zc
corresponds to

(transl, p(wy))" 0 (52¢ )« ofyzo

(((52()) & (52 G2 hman, - 2) ) [ it 4200y .y, +

(N)pp(ox)?

where
shift := dim. rel. (Bunp- / Bunwm),

and the maps are as in the diagram
(4.3)

ZasZen

Gre,pwx),z Zasz Buny ), pwx),z<

Pz Pr,zC

T=Z
Buny pwy),z

id X prgmall, =z

_ Az
Bunp- XZ(]+> Bunp- ; —————— Buny x 2.
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Therefore the composition
(4.4) (Id X Prygan, z)1 © Poinc?\/fll,hz o Jva’}iiti o ins. unitz
identifies with

(Id x prsmall,Z)! o (EM’ZQ)! o (transl,p(wx)) 0 (5zc)« 0 f}vf,zo

1

4.5 \ L )
(42 (((T’E)(‘)) ® (Pz) o (jz)1(wBun,_ X2)> [— shift T20(Np)pp(wy) T 6(N;)pp(wx)]'

Note that by ﬂm Lemma 10.3.2] the map far, z is pseudo-proper and universally homologically
acylic, and also the map s;c is pseudo-proper, thus we can rewrite (4.5)) as
(4.6)

!

@z)ro(pz)o <((”52)!(—)) ® ('Pz) © (jz)(@WBun,_ x2)> [ shift +26(np),,(wyy T 6
Moreover, by [Lin22, Lemma 4.1.10] we rewrite (4.6) as
47)  (@z)ro(Pz)ro (Jzssz)r o (Jzasz) © (B2) (=)[— shift +28(np, () + SN ) ws))

(Np)ppwx)'

where the maps are as in the diagram

(4.8)
Zas,
JZas z
Gra,p(wx).2 Zasz
,E;
Tz
[ s
Buny ),z )
— dz
Bunp- chf) Bunp- z — = > Buny xZ.

But the composition
,ﬁz o jZasz
is smooth, so (4.7) identifies with

R

(@z)1 0 (Bz)r © (jzass )1 © (Jzass )" © (Bz)" (—)[2(dim(Zas, ) — dim(Bunp- z))]
=~ (@z)i0 (('p2)"(—) ® (Bz)"(ik))
by Theorem 4.1.10]. Finally, right-hand side of (4.9)) identifies with

(4.9)

CTy pp(wx),z © Poinczé,}f!z[shift]
by Proposition 4.1.8]. O
Proof of Proposition[{.2.]] By Lemma it suffices to check that the compositions
(4.10) Leusp © Peusp © Poinc:
and

(411) LEis,! © PEis,! © POil’lC!
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are defined by a kernel.
By |[GR17, Section 8.5] the cone of
Poinci" — Poinc™"
lies in the full subcategory generated by
Eis) : Shv.(Bunas) — Shv, (Bung)
for all proper parabolics of G. Therefore, by Propositon 2.2.2] the cone of
Poincy — Poinc,
lies in the full subcategory generated by
Eisi : Shvy, niip(Bunas) — Shv,, nilp (Bung).

Hence we can identify
Leusp © Peusp © Poinc = teusp © Peusp © Poincy,

and the latter composition is defined by a kernel by definition of Poinc..
To check that (4.11) is defined by a kernel, it suffices to show that CT. o Poinc: is defined by a
kernel, which follows from Proposition by induction. g

Corollary 4.2.7. The functor (coeff}oc)v 2 Poinc is defined and codefined by a kernel.

4.3. Kernels given by objects from Shvyi,(Bung). We get the all Betti sheaves version of
[AGKT22al, Corollary 4.2.8]:

Theorem 4.3.1. For any
k
Fe Shvtrivﬁfm,T*X(’fisjxNilp(XdiSj X Bung)

the functor

F :Shv i ome rexk .XNilp(XC]iCiSj X Bung) — ShV(Xgisj)

disj
defined as
F =y (FOF)
is defined and codefined by a kernel.
Proof. Follows from Corollary O

5. CONSTRUCTIBLE COSHEAVES OF CATEGORIES AND LAX GLOBAL SECTIONS.
5.1. Constructible cosheaves of categories.

Notation 5.1.1. [Lej21, Definition 2.12] Denote by StratTop the category of conically stratified D,
topological spaces.

Notation 5.1.2. [Lej21) Definition 1.22] For a topological space X let Shv(X,D) (resp. cShv(X,D))
be the category of D-valued hyper(co)complete (co)sheaves on X. For

X — A € StratTop

and any symmetic monoidal category D, let Shva(X,D) (resp. c¢Shva(X,D)) be the category of D-
valued hyper(co)complete A-constructible (co)sheaves on X.

Example 5.1.3. Informally, a cosheaf F € cShv(X,D) gives the data of an element F € D for every
x € X, and for every specialization map x ~~ y the data of a map Fo — Fy.

For amap f: (X — A) — (Y — B) € StratTop we have a pair of adjoint functors
(5.1) fr 1 cShva(X,D) === cShvp(Y,D) : f*,

where f, stands for the cosheaf pushforward, and f* stands for cosheaf hyperpullback ([Lej21] Definition
1.5, Corollary 2.18]).
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Remark 5.1.4. The category cShv(X, D) has a canonical symmetric monoidal structure. The subcat-
egory cShv 4 (X, D) is stable under this tensor product.

Let Exit4 be the exit-path category of [Lurl?, Appendix A.6]. Let Enters := Exit%.
Remark 5.1.5. A symmetic monoidal functor D1 — D2 induces a symmetric monoidal functor
cShv4(X,D;) — cShva (X, D).
Theorem 5.1.6. [Lej21], Corollary 3.12] For X — A € StratTop we have
Fun(Exita, D) = Shv4 (X, D),
Fun(Enter 4, D) 2 cShv4 (X, D).
For a map of A-stratified spaces f: X — Y we have an obvious functor
(5.2) f : Entera(X) — Entera(X),

such that the diagram
Fun(Enter4(Y),D) —— Fun(Enter4 (X)), D)

L |
cShva(Y,D) — cShv4 (X, D).

is commutative. Also, the diagram

Fun(Enter 4 (X), D) — Fun(Entera(Y)), D)

gl gl
cShv4 (X, D) —F cShv 4 (y, D).
is commutative, where the top arrow is given by the left Kan extension along .
Example 5.1.7. When A is trivial, we have
Enters = XSPC,
and
cShva(X,D) & )1(iSI£1C D =: LS(X, D).

5.2. Lax global sections of a constructible cosheaf of categories.
Notation 5.2.1. Denote by DGCat the (00, 2)-category of DG categories.
Definition 5.2.2. For an (00, 2)-category D, define
(5.3) cShv 4 (X, D)*"*" .= Fun(Enter 4, D)™™,

where the right-hand side is the (0o, 2)-category of constructible cosheaves valued in D and laz natural
transformations.

Example 5.2.3. Informally, an arrow
F1 — Fa € cShva(X,D)'=mat

is the data of a natural transformation in D

.7'-1@ g .7‘-1,y

L~

.7:2@ —_— fz,y

for every specialization x ~ y.
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Notation 5.2.4. Denote by
Vectx € cShva(X,DGCat)*™* := Fun(Enter 4, DGCat)"*"*"
the constant functor with values Vect € DGCat.

Theorem 5.2.5. [AGH24l Theorem 3.5.4] For any scaled simplicial set S there is an equivalence of
(00, 2)-categories
2-coCart,g = Fun(S, BiCate, )™,

where 2-coCart g stands for an (0o, 2)-category of 2-coCartesian fibrations and maps of scaled simplicial
sets over S.

Lemma 5.2.6. We have an equivalence of categories

EndoSth(X,DGCat)lax“at (VeCtX) = CShVA(X, VeCt).

Proof. By Theorem [5.2.5] we have
End ghy , (x,DGCat)laxnat (Vect x ) = Fulipy, (mater 4 BiCato, laxnat (xx, Vect x ) = Fun(Enter 4, Vect),
where * is the point space. But by Theorem [5.1.6
Fun(Enter 4, Vect) 2 c¢Shva (X, Vect).

Remark 5.2.7. By Verdier duality ([Lurl?, Theorem 5.5.5.1]) we have
cShv 4 (X, Vect) 22 Shva (X, Vect).
Definition 5.2.8. For an object F € cShva(X,DGCat)'™™  define its lax global sections as
I'*(X, F) i= Funggp, , (x.pGCatwxna (Vect x, F).

Remark 5.2.9. By Lemma I'**(X, F) is acted on by cShva(X, Vect) = Shva (X, Vect).
Remark 5.2.10. Let F be the coCartesian fibration corresponding to

F € cShva (X, DGCat)"™*
by Proposition |5.2.5. Then

r'* (X, F) = Sect /ater 4 (F)-
5.3. Comparison of I"*(X, —) with ©x 4. Let us first recall the construction of

Ox,4 : cShv4(X,DGCat) — cShv 4 (X, Vect) -mod(DGCat).
from [CE21] 6.2].
Notation 5.3.1. Let DGCaton; denote the pith of the (oo, 2)-category DGCaty,., ;-
The coCartesian fibration

(5.4) DGCaton; — DGCat
induces a coCartesian fibration
(5.5) Fun(Enter 4, DGCatonj) — Fun(Enter 4, DGCat).
The latter corresponds to a functor
(5.6) Fun(Enter 4, DGCat) — Cat .

Since under Grothendieck construction symmetric monoidal coCartesian fibrations correspond to lax
symmetric monoidal functors ([Ram22, Theorem 2.1]), the functor (5.6) upgrades to

(5.7) ©x,4 : Fun(Enter4, DGCat) — cShv 4 (X, Vect) -mod(DGCat).
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Lemma 5.3.2. The functor Flax(X, —) precomposed with
c¢Shv 4 (X, DGCat) — cShVA(X,M)“‘X“at

consides with Ox, a.

Proof. The functor identifies with
(5.8) Fun(Entera, DGCat)vyect , ; — Fun(Entera, DGCat).
Therefore the functor is described as

F = Sect /Enter 4 (J’-N')7

where F be the coCartesian fibration corresponding to F. This coincides with the description in
Remark [5.2.10] The comparison directly upgrades to ¢Shv (X, Vect)-module categories. O

Construction 5.3.3. Construct a diagram
fSet — DGCat
as follows. For I € fSet, the corresponding DG category is F(M(fisj,}'). Here

e fSet is the category of finite sets with surjective maps,
° Méisj C M7 the open subspace consisting of I-tuples of disjoint points.

Let us now describe the connecting functors
(Mg, F) = D(M;, F)
for a: I - J € fSet. Note that
M —— M'
] ]
M({isj Méisj’
and choose a tubular neighborhood Uy of Mc‘{isj in MT. Then the connecting functor is defined as the
composition
F(Mdlsj,}' — I( MdlsJ,F),
o /
I'(Ua N M, F)

where ¢1 and ¢2 are described as follows. The functor ¢1 is the natural restriction coming from the
fact that .7-'|M£. 48 locally constant and thus also has a sheaf structure. The functor ¢2 is the natural
isj

induction using the cosheaf structure of F.
Example 5.3.4. Let M be such that its tangent bundle is trivial. Note that in that case
(5.9) Ua N Mg = M x [ ] Confo-i; -
jed

Then for F = ARran with A € AlgEM the composition ¢2 o ¢1 coincides with the composition
(5.10) LS(Mi) ® A% — LS(Ua N Miiy;) ® A®T — LS(Miy;) @ A%,
where the first map is the natural restriction, and the second map comes from the Epr-structure on A.
Corollary 5.3.5. [CE21l Proposition 6.2.6] For F € cShva(X,DGCat), we have

'™ (Ran(M), F) 2 laxlimyesset I'(Mdisj, F),
where the laz limit is taken over the diagram constructed in Construction
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5.4. Comparison with factortization homology. Let C be a symmetric monoidal category. As-
sume tensor product on C' preserves colimits separately in each variable. Let M be a k-dimensional
manifold.

Theorem 5.4.1. [Lurl7, Theorem 5.5.4.10, Proposition 5.4.5.15] The category of Ear-algebra objects
in C is equivalent to the category of C-valued constructible factorization cosheaves on Ran(M).

For A € Algg, (C) denote by Aran the corresponding cosheaf on Ran(M). Recall the following
description of of factorization (chiral) homology of A.

Theorem 5.4.2. [Lurl7 Theorem 5.5.4.14] Suppose that M is connected and A is locally constant.

Then we have a canonical equivalence in C:

A2 T(Ran(M), Aran).
M

Remark 5.4.3. For C = DGCat, we have
F(Ran(M), AR&D) = FuncSth(X,DGCat) (1X7 AR&D) = SeCt;c]iDCr:ftlg‘;A (A~Ran)

Corollary 5.4.4. For C = DGCat, a connected M and a locally constant A, we have a natural fully
faithful embedding

(5.11) A — '™ (Ran(M), Aran).
M

Remark 5.4.5. In the language of Corollary the subcategory is described as
{ar} € T"™(Ran(M), F) = laxlimseses T'(Mdigj, F),
such that for o : I — J € fSet the map
d1(ar) = ¢3'(as)
is an isomorphism.

The following criterion for determining whether an object of FlaX(Ran(M ), ARan) lies inside the
factorization homology subcategory will be useful.

Proposition 5.4.6. Let A € Algg, (DGCat) be locally constant and M is connected. Assume in

addition that A is rigid. Then for a € T (Ran(M), ARran), it lies in the subcategory if and only
if for every I € {Set and

be I—»}i(rélfset F(M(fgj, (Av)Ran) C laXhmIﬁ»KEfSct F(M({l{%_]7 AV)REH)

we have
(5.12) (a1, ¢2,4v © ¢1,av (b1)) = (d1(as), d1,4v (b))
for every a: I — J € {Set, where (—, —) is the duality pairing.
Proof. By duality, criterion is equivalent to
((¢2,av)" (ar), d1,av (b1)) = (¢1(as), d1,av (b)),
but (¢2,.av)" = @5, and we obtain the result by Remark O

6. BETTI QUANTUM LANLGANDS FUNCTOR VIA WHITTAKER COEFFICIENTS.

6.1. Construction of the local Whittaker coefficients functor. The goal of this section is to
construct the functor

(6.1) coeffi° : Shv,, nip(Bung) — Shv, ap.. (GrG,pWX))LN’X,

where ARan is the stratification on Grg, (v, ) coming from stratification on Ran by number of distinct
points and LN-orbits.



QUANTUM BETTI GEOMETRIC LANGLANDS FUNCTOR 25

Proposition 6.1.1. Functor coeff{°® factors through the embedding

Shv s, Agan (GTG pwy)) ™ C Shvi(Gre, pruy)) X

Proof. 1t suffices to show that for
F € Shv . mriv, Nilp x 7+ x (o) (Bung x X (a))
and a € ARran, the sheaf
coeff}**(F) x (a) € Whit(G)x(a) C Shva(Gr pwy ). X (a))

is ULA with respect to the projection pa : Grg p(wy ), x(a) — X (a). Denote by

(=, =) : Whit,(G) x (a) @shv(x(a)) (White(G)x(ay)" — Shv(X(a))
the natural pairing induced from the pairing

Shv e (Gr6.peux) X (@) Bshv(x(a)) (White (G)x(a))" — Shv(X(a))
given by

(F,G) o par(F & G).

Let us identify Whit—.(G)x () with (Whit.(G)x))" as in [Rasl6].
Note that to check that coeffio° (F)x(a) is ULA with respect to p, it suffices to show that the functor

(coeff) (F) x(a), =) : Whit(Gre p(wy) x (@) = Shv(X(a))

sends ULA objects with respect to p, to ULA object with respect to Id. Indeed, in that case the
functor

(coeffl*(F)x(a), —) ® Id : Whit . (G) x(a) ®Stv(x (a)) Whits(G)x(a) = Whits(G)x(a)
send ULA objects to ULA objects. However, the unit
u € Whit_x(G) x(a) @shv(x(a)) White(G)x(a) C Shv(—)mx(Gra, pwyx), X () Xx(a) GTG,pwx), X (a))
is ULA with respect to the projection to X(a), and we have
(coeff}oc(]:)x(a), u) @ Id 2 coeff'* (F) x (a)-
Fix G € Whit(G)x(,) ULA with respect to p.. Note that by duality

(coeff°° (F) x(a), G) = (F, Poinci(G)) := mx(a),(F @ Poinci(G)),
where mx (o) : Bung XX (a) = X(a) is the projection. By Corollary and |[AGK™"22al Corollary
B.10.7] the sheaf Poinci(G) is ULA with respect to mx(,). But since F has nilpotent singular support,
by Theorem and [AGK™22al, Corollary B.10.7] we get that
Tx(a), (F é Poinci(G))
is ULA with respect to Id, which finishes the proof. a

6.2. Quantum Fundamental Local Equivalence. One of the key ingredients in the construction
of the quantum Langlands functor will be the quantum version of the Fundamental Local Equivalence
(JABC*24al Theorem 6.1.4]). A recent result of Gaitsgory and Hayash provides the construction of
the functor in our setting;:

Theorem 6.2.1. [GH25| There exists a canonical functor
(6.2) FLE : Shve g, (Gr pwy)) X — I'**(Ran, Rep, (G)).
We will need a stronger expected result:

Conjecture 3 (Gaitsgory, Lurie). The functor is an equivalence.
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Remark 6.2.2. Let us describe explicitly what Conjecture @ says. Recall from [CEF21, Lemma 6.2.1]
(and Verdier duality [Lurl?, Theorem 5.5.5.1]) that Shv, ag,,(Gra) is equivalent to the laz limit of
LSx(Grg, x(a)) for a € Aran, where the connecting functors are Gtjas for a — b € Aran. Moreover, the
functors jl!,ja,g send the subcategory
LN,
Shvs, Agan (G'rG)X(a;<
to the subcategory
LN,
SthARan(GrG)X(b)X'

In other words, the category Whit,. can also we described as a laz limit with connecting functors jija...
On the other hand, recall the description of T'**(Ran, Rep,(G)) from Corollary|5.3.5 In [GH23],
the authors prove that for every a € Aran the functor

ShV.e, Apeen (Gra) 25X = T(X (), Rep, (G))
is an equivalence. Thus, Conjecture [ amounts to show that the map
o
(6.3) FLE(jbja,1) = @2 Rep, (&) © P1,Rep, (&)

is an equivalence.

Remark 6.2.3. The construction of the functor from [GH25] (and the proof that the functor is
equivalence at a point) follows the strategy of [GL19]. Namely, it reduces to the know case of G =T as
follows. Gaitsgory and Hayash prove that

(6.4) I'**(Ran, Rep, (G)) = I'**(Ran, Q, -mod®? (4, -mod(Rep4(T)))),

where the factorization algebra 4 is as in [GL19], and A, := On,, is an algebra in
Rep(TwH) C Repq(T).

Similarly, they prove that

(6.5) Shv,, Ag,, (Gre) "X = QWM _FactMod(AY™ -mod (Shv ., ag,, (Gr7))).

Finally, they check that the factorization algebras Q4 and Q™M and A, and AV™ correspond to one
another under the toric FLE.

6.3. Construction of the quantum Langlands functor in the Betti context. Recall that in
section [6.1] we constructed

(6.6) coeff1> : Shv . nitp (Bung) — Shvie ag., (Gra pwy)) X
We are now ready to prove our main result.
Theorem 6.3.1. The composition
FLE ocoeff'* : Shv,, nitp (Bung) — Shv ap.. (Gra pwy)) % = I'**(Ran, Rep, (G))
factors through [ Rep, (@).

Notation 6.3.2. Denote the resulting functor
Shv . nip (Bung) — / Repq(é)
X
by L.
The result will follows from Propoosition [5.4.6| and the following claim:

Proposition 6.3.3. In the notation of Construction for every a: I — J, G € Whit_, x1, and
F € Shv , miriv,Nitp x 7+ x7 (Bung xXT) we have

(6.7) <CO€H!(I)XgiSj,¢2,AV 0 ¢1,4v(G)) = (qﬁl(coefh(}')xd ) $1,4v(G))

I
isj
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Proof. Rewrite by duality
(6.8) {coefl(F)xy s b2,av 0 91,4v(G)) = ((F)xy,» Poinci 0 g5 av 0 d1,av (G))-
By Corollary we can rewrite as
<(]:)Xé7isjv¢2,AV o ¢1,av o Poinci(G)),
and by Theorem we further rewrite it as
(6.9) Iec 0 ¢2,vect © €751,Vecc((-7:))(GIUSj , Poinei(G)) x1,

where (—, —) 1 = my1,(~ ® —). However, (6.9) agrees with (1 (coeffi(F) 1 ), é1.4v(G))- 0
isj

7. 2-FOURIER-MUKAI TRANSFORM AND THE QUANTUM LANGLANDS FUNCTOR.
7.1. Sheaves associated with automorphic and spectral categories. Let G be a semisimple
group. Consider categories
(7.1) Shv, niip (Bung)  and / Repq(G).
X

We will now upgrade them to the elements

(7.2) Shv . niip (Bung) € ShvCat(Gez, (X)) and /X Repq(é) € ShvCat(Ge,, (@) (X)).

7.1.1. The short exact sequence of groups

(7.3) 1=2Zc—G— Gaga — 1
induces a map

(7.4) Bung,, — Gez, (X).

Since Gez,(X) is discrete, the map (7.4) induces on Shv, niip(Bunaa) the structure of a sheaf of
categories over Gez,, (X) denoted by Shv, niip(Bung).

7.1.2. Let us first upgrade the category Rep,(G) to
Rep, (G) € ShvCat(B*mi (G)).
Note that since B%m; (G‘) has only one equivalence class of points we have

(7.5) ShvCat(B*m,(G)) = QCoh(Bm (G))

-mod = Rep(71(G))cony -mod .

conv

Here the first equivalence is given by the fiber at the trivial element of B?m; (G). Further, Fourier-Mukai
transform gives

(7.6) Rep(m1(G))cony -mod = QCoh(Z¢) -mod 2 ShvCat(Zg).
Moreover, we have Zg = 1 (G)V, SO

ShvCat(Zc) = ShvCat(m1(G)Y).
Let us now define an element in ShvCat(71(G)") corresponding to

Rep, (G) € ShvCat(B*mi (G)).
Note that m1(G) C Zgse, and thus
char(Zgse) — w1 (G)Y.

Then consider the category Rep,(G*°). For every V € Rep,(G™°) we have a canonical decomposition

V=& crm vV
which upgrades Repq(ésc) to an element in ShvCat(m (G)Y).



28 E. BOGDANOVA

7.1.3. Now let us define
/ Repq(é) € ShvCat(Ge,, (&) (X))
X 0
For every affine S with a map
s:8 = Gey @ (X)

we set

([ Rep,(@) = [ (Rep, (@)

where s is the corresponding analytic 1 (G)-gerbe and (Repq(ésc))q.[ is the Exan-category obtained

by twisting Repq(GvSC)‘

s

7.2. 2-Fourier-Mukai transform and L. The goal of this section is to prove:

Theorem 7.2.1. There exists a natural functor

(7.7) Shv . nitp (Bung) — 2-FM( / Rep, (G)) € ShvCat(Gez (X))

compatible with L.

Remark 7.2.2. The statement of Theorem [7.2.]] is equivalent to saying that there exists a natural
functor

(7.8) 2-FM(Shv nip (Bung)) — /X Repq(é) € ShvCat(Ge,, (&) (X))

compatible with L.
Note that Fourier-Mukai equivalence induces
FM : Shv(Bunz,) = QCoh(Ge,, (&) (X))
Taking the fiber of at the trivial gerbe o¢ € Gez, (X) we get
Corollary 7.2.3. For F € Shv, nip(Bung) and M € Shv(Bunz,) we have
L(M=*F) =2 FM(M) * L(F).
Proof of Theorem[7.2.1 Take ¢ € Gez (X). Let us construct

(7.9) (Shv nilp(Bung))e — 2—FM(/X Repq(é))¢ o (/X Repq(é))gd,.

Here G4 is the gerbe on Gem(é)(X) corresponding to ¢, and the last equivalence follows as in [GR24b]
(8.11)].

Choose a point € X. We can choose a trivialization of ¢ on X \ z, so we can assume that ¢ came
from an object

¢ € Fib(Gez, (X)— Gez, (X \2)) 2 Za(-1).

We claim that the proof of Theorem applies in the context of as well. Let us derive the
¢-analog of Conjecture 6.2} We replace Ran by its pointed version Ran,, and work over z € Ran,, i.e.
z := x1 Uz. Replace
)LN
x1

Shvic, Apan (GTGp(wx))a 1= Shvi,az, (GrG p(wx))er ¥ ® Shvi,a, (Grapy) ™

by
LN,
z,¢

Shvi, Agan, (GTGpwx))pe ™ = Shv“’Aﬂ(GrGyp(wx))g\hX ® Shve, 4, (GrGyp(wX»iN’X’

N,x

where Shv,. 4, (Grg, p(w X))i comes from the decomposition coming from connected components of

the affine Grassmannian:

(7.10) Shv, 4, (Gl‘gad’p(wX»LN’X = @(peZG(fl)ShVn,Am (GI‘G’p(wX))iN’X.
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Let 1y be the character of m1(G) corresponding to ¢. Replace the factorization cosheaf Rep,(G) on
Ran; with
R‘epq(G)£ = R‘epq(G)ﬂ ® R‘epq(G)

by the factorization cosheaf Rep,(G)y, on Ran, with

n$
Repq(Gv)%@ = Repq(é)ﬂ ® Rep, (G)wmqw

where Repq(é)zyw is the summand in the decomposition of the category Repq(ésc) over 1 (G)V given

in[7.1.2l Then to construct

(7.11) FLE : Shvi an,,. (GTa pwy))y X — D™ (Rang, Rep, (G)y, )

it suffices to show that subcategories Shv a, (Grgm(wx))iN’X and Repq(é)z,% correspond to one
another under the equivalence

(7.12) FLE, : Shvy a, (Gra,, pwy)) "™ 2 Rep, (G*)

of [GH25]. However, by Remark (and since the factorization algebras  and algebras A were
independent of the center of the group) the statement reduces to the case of tori, where it is evident.

Note that the ¢-analog of coeff'°® is constructed similarly, and it is also defined and codefined by a
kernel. Finally, note that choosing a trivialization of ¢ away from x we get

( /X Rep, (G))g, = T(Rans, Rep, (C)n, ).

8. APPLICATION: NON-VANISHING OF QUANTUM WHITTAKER COEFFICIENTS FOR SEMI-SIMPLE
GROUPS.

As an application of Theorem [[.2.1] we are able to relax the condition on the center of G in the

results of [Bog25]:

Theorem 8.0.1. For any semi-simple reductive group G, the functor
coeff’®® : DMod,, (Bung) V"™ — Whit,(G)

is conservative.

Proof. Follows from [Bog25, Theorem 6.1.1], [FR22 Proposition 2.5.4.1(4)] and Theorem [7.2.1] O
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