LOCAL SYSTEMS WITH RESTRICTED VARIATION ON THE FORMAL
PUNCTURED DISC VIA FACTORIZATION

EKATERINA BOGDANOVA

ABSTRACT. We define the stack of G-local systems with restricted variation on the formal puntured
disc and study its properties. We embed sheaves of categories over this stack into the category of
factorization module categories over Rep(G). Along the way we develop a theory of factorization
structures in families and study functorialities of such under changes of the base curve.
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1. INTRODUCTION

Let k be a ground field of characteristic zero, G be a split connected reductive group over k, G be
the Langlands dual group to G.

1.0.1. Local geometric Langlands. The local geometric Langlands program from [FG06] suggests that,
roughly speaking, DG categories strongly acted on by the loop group LG are equivalent to categories
over the moduli space of G-local systems on the formal punctured disc, i.e. G-bundles on the formal
punctured disc with connection. The equivalence reads as

L : DMod(LG)—ModCat — QCoh(LSx(D°))—ModCat.

The first orienting remark is that L does not preserve the functor of forgetting the module structures.
Rather L should be thought of as a categorical Morita equivalence.

Local geometric Langlands is supposed to satisfy various compatibilities as in the arithmetic theory,
e.g. there should be a compatibilities with parabolic induction and with Whittaker models.

There are a number of examples providing the evidence for the existence of such an equivalence.
Among them are derived Satake equivalence ([BF08]), Bezrukavnikov’s theory ([Bezl6]), works of
Frenkel-Gaitsgory ([FG04], [FG06], [FG09al, [FGO9D], [FG09c]) and Raskin ([Rasb], [Ras21b]). One

expects that these works combined with the compatibilities are supposed to pin down the equivalence
L.

One distinguishing feature of this setup is the geometry on the set of spectral parameters, which
has led to the suggestion (c.f. [BDO04]) that pointwise spectral descriptions should extend in families
over these moduli spaces. More precisely, there should be a natural functor (different from L)

(1.1) DMod(LG)—ModCat — QCoh(LSs(D°))—ModCat

preserving the functor forgetting the module structures.

1.0.2. A sibling: restricted local geometric Langlands. A recent progress in local arithmetic Langlands
has been the formulation of the conjecture using families of Galois representations ([Zhu2i]). Roughly
speaking, it says that there exists a fully faithful functor from representations of G(Fq((t))) to (appro-
priately understood) coherent sheaves on a certain stack parametrizing Galois representations.

In an unpublished work, Gaitsgory came up with a categorical incarnation of this conjecture, which
provides a link (via methods of ﬂmb between geometric and arithmetic worlds. Moreover, Gaits-
gory'‘s conjecture is suited to any ground field and any sheaf theory. It roughly states that there exists
a natural equivalence

(1.2) L™ . LG—ModCat,es, — QCoh(LSS™ (D°))—ModCat,

where on the left-hand side we have to work with a subtler notion of categorical representation (in order
to fix an issue with the failure of Kunneth formula in the constructible setting), and on the right-hand
side we need accordingly to replace LSx(D°) by the moduli of local systems with restricted variation.
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1.1. Statement of the result. Let X be a smooth affine curve, x € X be a closed point. Let
U =X \ xQ.

One of the difficulties in local geometric Langlands is the fact that LSs(D°) is complicated as
an algebro-geometric object. For instance, this is not an Artin stack, and it is not even locally of
finite type. One way to avoid dealing with this problem is to introduce an additional structure on
the objects with rather simple geometry. Namely, factorization structure. The general heuristic is
that factorization structures tend to ”decrease the complexity” in the following sense. A factorization
algebra whose fibers involve only the formal disc will have invariants encoding the information about the
whole formal punctured disc. For instance, factorization geometry of Beilinson-Drinfeld grassmannian
encodes usual geometry of the loop group, and factorization geometry of classifying space of G encodes
geometry of G-local systems on the formal punctured disc. We refer to [Rasa] and Section [2f of this
text for a more detailed introduction to the factorizable geometry.

1.1.1. From local systems on the punctured disc to factorization modules over Rep(G).
Conjecture 1. There exists a fully faithful functor
Fact : QCoh(LSs(D°))—ModCat — Rep(G)—FactModCat

that preserves the forgetful functors from both sides to DGCat. Here
- On the left-hand side QCoh(LSx(D°)) is viewed as a monoidal category with usual tensor
product.
- On the right-hand side Rep(G) is the DG category of representation of G equipped with factor-
ization algebra category structure coming from symmetric monoidal structure on Rep(G).

1.1.2. As in [CFGY25, 2.1], the functor will be given as tensor product with a certain factor-
ization Rep(G)-module category, Fact(QCoh(LSs(D°))), equipped with a commuting action of
QCoh(LSx(D°®). The fiber at x of this category will identify with QCoh(LSx (D)), and the action will
be given by tensor product of quasi-coherent sheaves. In more detail, Fact(QCoh(LSx(D?))) is defined
as the category of quasi-coherent sheaves on a certain factorization prestack LS (Dg,,) degenerating
LSG(D) to LSG(DO).

In this paper we prove an analogue of Conjecture [I] in the context of restricted local geometric
Langlands. Before we formulate the statement, we need to introduce the replacement for the left-hand

side of the Conjecture

1.1.3. The stack of local systems with restricted variation on the puntured disc. Although our main
theorem is in the de Rham setting, we define and study the stack of local systems with restricted
variation on the puntured disc in all three frameworks: Betti, de Rham, and etale. We refer to the
introduction of [AGK™22| for the overview of the idea of local systems with restricted variation. Here
we highlight the features of the local context.

e In the Betti situation QLisse(D®) is equivalent to QLisse(G,), so we can directly use results
from |[AGK™22].

e Let us turn to the de Rham context. Although it is complicated to define the category of
all D-modules on the formal punctured disc, distinguishing the subcategory of lisse ones is
rather straightforward. We set Lisse(D°) to be the category of free k((t))-modules of finite
rank equipped with a connection. We also define

QLisse(D°) = IndLisse(D°).
Note that this category is already left complete, which is not always the case in the global
setting.
e In the etale context we define Lisse(D°) to be the category of lisse (-adic sheaves on

Spec(k((t))), and QLisse(D°) := IndLisse(D°). Here characteristic of k could be greater than
zero.
Results of Katz ([Kat87], [Kat86]) provide a connection between QLisse(D°) and QLisse(G,,) in de
Rham and etale situations. Namely, we have a section of a natural restriction map

(1.3) QLisse(Gy) — QLisse(D®).
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For an affine test scheme S = Spec(A), an S-point of LSE*"(D°) is symmetric monoidal functor
Rep(G) — QLisse(D°) ® (A-mod).
Note that implies that there is a section of a natural map
LSE™ (Gm) — LSE™ (D°).

We remark that unlike the global case, the stack LSE*(D°) is classical. Nevertheless, we still must
work in the context of derived algebraic geometry.

As in the global case, the stack LS (D°) splits into a disjoint union of prestacks Z, parameterized
by isomorphism classes of semi-simple G-local systems o on D°, and each Z, can be written as a quotient
of a formal affine scheme by G.

1.1.4. Main result.
Theorem 1.2. There exists a fully faithful functor
Fact™" : QCoh(LSE™ (D°))—ModCat — Rep(G)—FactModCat

that preserves the forgetful functors from both sides to DGCat. Here

- On the left-hand side QCoh(LSE™ (D°)) is viewed as a monoidal category with usual tensor
product.

- On the right-hand side Rep(G) is the DG category of representation of G equipped with factor-
ization algebra category structure coming from symmetric monoidal structure on Rep(G).

1.2.1.  As in Conjecture [1] the functor Fact™ is given by a certain factorization Rep(G)-module
category, Fact™"" (QCoh(LS$*" (D°))), equipped with a commuting action of QCoh(LS$*™ (D°)). We
deinfe Fact™*" (QCoh(LSE™" (D°))) as the category of quasi-coherent sheaves on the prestack

LS (DRan) X1Ls(po) LSE™ (D).
1.3. Motivation.

1.3.1. First, we provide pieces of motivation of why one might expect such a statement to be true.
In topology, the analogue of Conjecture 1] and Theorem [1.2| are transparent. Namely, the parallel
to factorization structure in algebraic geometry is Ez-structure in topology, so we are interested in

the category of Ea-modules over Rep((G) (this is a symmetric monoidal category, so, in particular, an
Es-category). But recall that for any Es-category A one has

A-mod® = ([ A)-mod,
S1
where on the right-hand side we consider left modules over chiral homology of A. We can also rewrite
([ A)-mod 2 HH(A)-mod.
S1
So for A = Rep(G) we get
Rep(G)-mod™ = QCoh(Locs(S"))-mod .

1.3.2. Next we discuss how Theoremﬁts in the context of restricted local Langlands conjecture|l.2
One prediction of the local restricted Langlands correspondence is that any C € LG—ModCat, e, is
fibered over LSE* (D®), i.e. one expects there to be a natural functor (parallel to (1.1]))

(1.4) DMod(LG)—ModCat,, --+ QCoh(LSE™ (D°))—ModCat

that preserves the forgetful functors from both sides to DGCat. This functor would serve as the
spectral decomposition in local restricted geometric Langlands program. Let us outline the construction
of this functor.
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1.3.3. There is a dual statement to Conjecture [I| which is the main theorem of [CEFGY25|:
Theorem 1.4. If G is connected and reductive, then there is a fully faithful functor:

Fact : DMod(LG)—ModCat — DMod(Grg)—FactModCat
that preserves the forgetful functors from both sides to DGCat.

Above:

e In the left-hand side, DMod(LG) is the DG category of D-modules on the loop group LG,
equipped with the convolution monoidal structure.

e On the right-hand side, DMod(Gr¢g) is the DG category of D-modules on the affine Grass-
mannian Grg, equipped with the factorization algebra category structure inherited from the
factorization structure of the Beilinson—Drinfeld affine Grassmannians .

The fully faithful functor Fact is also given by a “bimodule” object equipped with commuting actions
of DMod(LG) (in the usual sense) and DMod(Grg) (in the factorization sense). The underlying DG
category of this bimodule is just DMod(LG).

Corollary 1.4.1. If G is connected and reductive, then there is a fully faithful functor:
Fact : DMod(LG)—ModCat, s, — DMod(Grg)—FactModCat
that preserves the forgetful functors from both sides to DGCat.

The desired functor (1.4) would make the following diagram commute: This follows by definition
from the fact that for f : Spec(A) — Ranx g, the diagram

DMod(LG)—ModCatyesty ------ > QCoh(LSE*™(D°))—ModCat

! [

DMod(Grg)—FactModCat ——— Rep(G)—FactModCat,

where the bottom functor is given by restriction along the (factorization) Satake functor

Sat : Rep(G) — DMod(Grg).

1.4.2. It will follow from this construction that for any G-local system o on the punctured disk and
M € ShvCat(LocSyss(D?)), the fiber DG category M, can be described as

M, =~ R, -FactMod(Fact(M)),

where Ry , is a factorization algebra object in Rep(G) obtained by twisting the regular representation
Rs by 0. As an application, for any categorical representations C of LG and a G-local system ¢ on
the punctured disk, we obtain a conjectural description of the fiber of the spectral decomposition of C
at 0. Namely, we conjecture it to be

Sat(Rg ) -FactMod(Fact(C)).

1.5. Outline of the argument. Below we highlight the main ideas that go into the proof of Theorem
.2l

We first notice that the question is of purely local nature, so should be independent of what curve we
are using. To that end, for a map of curves f : X — Y we develop a notion of pullback of factorization
structures and prove that for a fixed A € FactAlg(Rany) we have

(1.5) f': A — FactModCat(Rany,,) = f'(A) — FactModCat(Ranx.).

We also prove that (1.5) is compatible with the functor Fact™*" in the sense that the following
diagram commutes
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Rep(G) — FactModCat(Rany,,)

(1.6) V 5‘

QCoh(LSrgm(DO))fModCatFﬁ Rep(G) — FactModCat(Ranx ).
ac b'e

restr

Taking f to be a smooth function on X we reduce to the case X = A, z = 0.
Let C; and Cs be DG categories acted on by QCoh(LSE™*"(D°). Theorem asserts that the
functor

(1.7) FuchOh(Lsgsn(DO))(cl, C?) — FactFung,, ) (Fact™" (C'), Fact™" (C?))

is an equivalence. Let us illustrate the plan of the proof in the simplest case: when C; for i = 1,2
are Vect as plain categories, but the action of QCoh(LSgS“(DO)) is via pullback to a point pt,,
corresponding to a local system on the punctured disc. Denote these C; by Vect,,.

Then left-hand side of has a clear geometric meaning:

1 2\ ~

F\anCOh(LSgS“(DO))(C ,C ) = QCOh(ptgl XLSréestr(Do) pt0.2).
In order to give a geometric description of the category on the right-hand side of (|1.7]), we use tools
introduced in [CFGY25| for working with factorization modules. Also, to avoid complicated geometry

of the formal punctured disc we use [Kat87, Theorem 2.4.10], which allows us to extend o; to local
systems o1 on G,,. Combining these methods, we get

FactFunRep(Gv)(FactreS"(Cl)7 Fact™""(C?)) = s, B -FactMod.
G2

Here 31R@52 is a factorization algebra obtained by twisting the regular representation R by o1 and
o2. Note that
511Gz,

is a commutative factorization algebra corresponding to the D-scheme Isom(d1,02). But Beilinson-
Drinfeld theory of chiral algebras gives a concise geometric description of the category of modules
over such factorization algebras: the answer is the category of quasi-coherent sheaves of the space of
horizontal sections of the corresponding D-scheme on the punctured disc. It is left to notice that in
the case of the D-scheme Isom(o1,02) it is precisely

QCoh(pt,, X Lgrestr (Do) Pty )-

1.6. Notation and conventions. Denote by X a fixed smooth and connected (but not necessarily
proper) curve over k.

1.6.1. Lie them:y. Let G be a connected reductive group with a fixed standard Borel B and a maximal
torus T. Let (A, A, A, A) denote the root datum corresponding to (G,T). Langlands duality attaches
to every (G,T) a dual group (G,T) with root datum (A, A, A, A).
We define the loop group ind-scheme LG (resp. the arc group scheme L*G) as

LG(Spec A) := G(Spec A((t))),

LtG(Spec A) := G(Spec A[[t]]).
We define the affine Grassmannian as the fppf quotient

Grg := LG/L*G.

1.6.2. Higher categories. We will substantially use the language of co-categories as developed in [Lur09].
We write category for an (oo, 1)-category unless specified otherwise. Our main result is a statement
about (oo, 2)-categories. We refer to [GR17a)], [CEZ26] and [CEGY25| for the overview of relevant
foundations of (0o, 2)-categories. We write Cat for an (oo, 1)-category of (0o, 1)-categories and Catoo
for its enhancement to an (oo, 2)-category. We write BiCatoo for an (oo, 1)-category of (0o, 2)-categories
and BiCat for its enhancement to an (oo, 2)-category.
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1.6.3. Higher algebra. We will also use higher algebra as in [Lurl7]. We will denote by Vect the stable
category of chain complexes of vector spaces over k. This category is equipped with a natural symmetric
monoidal structure (in ther sense of co-categories).

1.6.4. DG categories. By a DG category we mean a category equipped with a module structure over
Vect with respect to the symmetric monoidal structure on the category of presentable stable categories
given by the Lurie tensor product. DG categories form an (oo, 1)-category (where 1-morphisms are
colimit-preserving functors) denoted by DGCat, which carries a symmetric monoidal structure via Luire
tensor product. Denote by DGCat its enhancement to an (0o, 2)-category. In particular, we can talk
about algebras in DGCat and modules over them. For an algebra A in DGCat denote the (oo, 2)-
category of modules over it by A — ModCat. Unless specified otherwise, all monoidal DG categories
will be assumed unital. We also utilize the formalism of categorical invariant/coinvatiants developed
in [BerlT].
Given a DG category C we can talk about t-structures on it. Given a t-structure we denote by

CSO CZO CQ?

the corresponding subcategories according to the cohomological conventions.

1.6.5. Derived algebraic geometry. Most of the geometry in the present paper is taking place at the
spectral side of local geometric Langlands, where we must work in the context derived algebraic geom-
etry as in [GRI7a]. We begin with the category AffSch of derived affine schemes over k. All of our
geometric objects can be viewed as either a prestack, i.e. a functor

AffSch® — Grpd,
or an categorical prestack, i.e. a functor
AffSch®? — Catoo.

By a stack we will mean a prestack satisfying etale descent. We denote by catPreStcorr the category
of categorical prestacks with morphisms given by correspondences.

1.7. Organization of the paper. In Section We recall the notions and statements regarding factor-
ization structures relevant to the present paper. In Section [3] we define our main geometric object: the
stack of local systems with restricted variation on the formal punctured disc, and study its relation-
ship to the existing moduli stack in the de Rham setting. We define the functor in Theorem and
formulate our main result. In Section [4] we perform a series of reductions of the statement of Theorem
Namely, we first reduce to the case when X = A'. Next, recall that Theorem asserts that the
functor

(1.8) Fungeonpstests (poy) (C', C?) — FactFungep(q) (Fact™" (C'), Fact™" (C?))

is an equivalence. We reduce to the case when C' = QCoh(R;) and C? = QCoh(R>), where the
action of QCoh(LSE™ (D°) on QCoh(R;) comes from a pullback along a map R; — LSE™™(D°).
We then describe both sides of explicitly. In Section [5| we conclude the proof of Theorem [1.2
using this description. In Appendix [A] we recall the notion of multidiscs and describe the correct may
to descend multidiscs to the de Rham prestack. We define the factorization prestack degenerating
horizontal jets into a fixed prestack ) to meromorphic horizontal jets into ) and its parameterized
analogue. In Appendix [B] we study functoriality of factorization patterns under etale pullbacks of
the base curve. In Appendix |§| we establish foundations of parameterized crystals of categories and
parameterized factorization patterns. Finally, in Appendix we describe in geometric terms the
category of (parameterized) factorization modules over a commutative (parameterized) factorization
algebra.
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2. PRELIMINARIES ON FACTORIZATION STRUCTURES

In this section we give a somewhat informal introduction to the formalism of factorization geome-
try. Everything apart from subsections and has appeared in either [BD04], [Rasa], [ABC™24],
[CEZ26] or [CEGYZ5).

2.1. Factorization algebras.

2.1.1. Ran space and crystals of categories.

Definition 2.1.2. The unital Ran space of X, denoted by Ran, is a categorical prestack that assigns
to S € AffSch the category Ran(S) of finite subsets of X (S), where morphisms are given by inclusions
of subsets.

Remark 2.1.3. Definition makes sense for any prestack Y in place of X. We will use the
notation Rany in such cases.

Definition 2.1.4 ([CFZ26]). Let Y be a lafﬂ categorical prestack. A crystal of categories A on Y
consists of the following data:

e Foranys:S — Y with S a finite type affine scheme, there is a DMod(S)-module DG category:
A, € DMod(S) — ModCat.

SN

T —— =Y,
t

o For any 2-cell

there is a functor
01- : As — At

intertwining the symmetric monoidal functor w' : DMod(S) — DMod(T), such that if 6 is
invertible, then the induced functor

DMOd(T) ®DMod(S’) A, — A

is an equivalence.
o Certain higher compatibilities. (see |[CFZ26].)

There are two notions of morphisms between crystals of categories on a categorical prestack: lax
ones and strict ones.

Definition 2.1.5 ([CEZ26]). A lax morphism F' : A — B between two crystals of categories on Y
consists of the following data

e Foranys:S —Y with S being affine, there is a DMod(S)-linear functor
F,:A; — Bg;

1Le. as a functor AffSch®® — Cateo it is obtained by left Kan extension along its restriction on the category of
affine schemes of finite type AffSchy, C AffSch.
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7B

T —— =Y,
t

e For any 2-cell

with S and T being affine, there is a DMod(S)-linear natural transformation

O
AS e At

which is invertible if 6 is so.
e Certain higher compatibilities.

A morphism F : A — B is strict if the above natural transformations are always invertible.

Natural transformations between two morphisms are defined in the obvious way.

Notation 2.1.6. Let CrysCat'™*(Y) be the (co,2)-category of crystals of categories on'Y, with 1-
morphisms given by morphisms between crystals of categories, and 2-morphisms given by natural trans-
formations. Note that we have a 1-full subcategory

CrysCat®" (V) C CrysCat'"™(Y)
of crystals of categories with morphisms being strict functors.
2.1.7. Factorization algebra categories.

Construction 2.1.8. By definition, Ran X Ran is the categorical prestack that assignes for any S the
category Ran(S) x Ran(S) of two finite subsets P1, P> of X(S). We have a morphism

add : Ran x Ran — Ran, (P1,P2) — PLUP,
which makes Ran an abelian monoid categorical prestack.
Construction 2.1.9. For any affine test scheme S, let
(Ran x Ran)aisj(S) C Ran(S) x Ran(S)

be the full subcategory where we require the union of the graphs of Pi, viewed as a closed subset of
X x S, is disjoint from that of P». This defines a categorical prestack (Ran x Ran)aisj and an open
embedding j : (Ran x Ran)qisj — Ran x Ran.

Consider the morphism add := add o j. The correspondence

(2.1) (Ran x Ran)disj

/ add
Ran x Ran Ran

makes Ran a commutative algebra object in the category of categorical prestacks with morphisms given
by correspondences.

Definition 2.1.10 ([CFZ26]). A factorization algebra category (over Ran) consists of the following
data:
e A crystal of categories A on Ran;
e A canonical equivalence
unit : Vectpe — 05 (A);
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e An isomorphism between crystals of categories
mult : j*(AX A) — add®*(A);
o Higher compatibilities between the above isomorphisms and the commutative algebra structure
on Ran defined in Construction[2-1.9
We will denote a factorization algebra category as above by A and treat other data as implicit.
Remark 2.1.11. Informally, for a crystal of categories A on Ran, a factorization algebra structure
on it consists of the following data:

e An equivalence
unit : Vect — Ag;

e For any two finite sets x, y of closed points of X such that x Ny =0, an equivalence

(2.2) multy,y @ Ag @ Ay — Agiy;

For any finite set x, a commutative diagram

A@@Aﬁ

. A

Vect @A,

e Forax C g’,g C y’, a commutative diagram

insy g/ ® msgCg’

A£®A£% gl ®A2/

lmultx,y lmultz/_y/

Axu —_—Y > Az’l_l ’3
-y sy yycaluy’ Ty

o (ertain higher compatibilities similar to those for a commutative algebra.

Definition 2.1.12 (JABC™ 24| B.11.12]). Parallel to Definition|2.1.10| we can define lax factorization
algebra categories, where we do not require mult to be an isomorphism.

Definition 2.1.13 ([CEZ26]). Given two (laz) factorization algebra categories A1, Az, a lax-unital
factorization functor from A1 to Ao consists of the following data:

e A morphism

(O3 A1 — A2
in CrysCat'™*(Ran);
e A commutative diagram
(2.3) Vectp: —2% 2, (A1)

J/ l@;t@)

Vectpy —2ts *(A2);
e A commutative diagram
(2.4) (AT RA) 22 add®(A,)
j'(@&@)l add® (®)

F* (A R A,) 2% 4dd®(As)

in CrysCat'™*((Ran x Ran)aisj);
o Certain higher compatibilities similar to those for a morphism between commutative algebras.
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A factorization functor is strictly unital if the morphism ® is contained in CrysCat®*"(Ran), i.e.,
is a strict morphism.

We will denote a factorization functor as above by ® and treat other data as implicit.

Natural transformations between factorization functors are defined in the obvious way.

Notation 2.1.14. Let
FaCtFunlax—unital (Al ) AQ)

be the oco-category of lax-unital factorization functors A1 — Aas.

Let

FactFun(Al, Az) C FactFunlaX_unital(Ah Ag)
be the full subcategory of strictly unital ones.
Notation 2.1.15. Let ' '
Factcatlax»umta] (LaxFactCatlax—umtal)

be the (0o, 2)-category of (lax) factorization algebra categories, laz-unital factorization functors, and
natural transformations.

Let
FactCat C FactCat™ """ (LaxFactCat C LaxFactCat'>"" ")

be the 1-full subcategory containing strictly unital factorization functors.
2.1.16. Factorization algebras.

Definition 2.1.17. Let A be a factorization algebra category. A factorization algebra A in A is a
laz-unital factorization functor Vect — A. Let FactAlg(A) be the oco-category of factorization algebras
in A.
Remark 2.1.18. In the Definition we do not require the factorization functor Vectran — A
to be strictly unital, i.e., it is only lax unital.
Remark 2.1.19. Informally, a factorization algebra in A consists of the following data:

e A global section of A, i.e., an object

A € T'(Ran, A);
e An equivalence
unit(e) — Ay
in Ay, given by the commutative diagram ;
o For any two finite sets x,y of closed points of X such that x Ny =0, an equivalence
multy (A B Ay) = Agy

in AgLy, given by the commutative diagram ;
e Forx C g’,g - g’, a commutative diagram

14

insgugcyug’ © mUItz,g(Ag X Ag) insgugcy Uy’ (Azug)
multz/’y/(inszcz/(:gz) X insycyr (Ay)) —— multys /(A KA,) — = Az/luy/,
where recall the left vertical arrow, i.e. the equivalence
InSz0ycaruy oMulty,y — multys o(ins; ®insy),
is part of the data in the definition of A, and the morphisms
insgep (Az) = Ay, Insycyr (Ay) = Ayrs inSguycaruy (Asuy) — Agriy!

are part of the data in the definition of A;
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o Certain higher compatibilities.
Construction 2.1.20. Let ® : A; — As be in FactCat® "t Je have a functor
FactAlg(A1) — FactAlg(Asz), A1 — O(A;) := o A;.
We call (A1) the image of A; under .
2.2. Factorization modules.

Definition 2.2.1. Let Y be a categorical prestack. Define Arr(Y) to be the categorical prestack such
that
Arr(Y)(S) := Arr(Y (9)),

i.e. the category of arrows in Y (S).

Let ps,pt : Arr(Y) — Y be the morphisms remembering respectively the sources and the targets of
the arrows.

Definition 2.2.2. Let x be a closed point of X and x : pt — Ran be the corresponding morphism. The
Ran space with a marked point = is the categorical prestack Ran, defined as the following fiber product:

Ran, — Arrow(Ran)

T

pt —— = Ran.
Unless otherwise stated, we always view Rang as a categorical prestack over Ran by the composition
Ran, — Arrow(Ran) 2% Ran.

Remark 2.2.3. By definition, knowing a k-valued point of Rang is equivalent to knowing a finite subset
y of closed points of X such that x C y.

Construction 2.2.4. For Ran, as in Definition let (Ran x Rang)ais; be the following fiber
product:

J
(Ran x Rang)disj —— Ran X Ran,

| |

(Ran x Ran)adis;j 7~ Ran x Ran,

where we abuse notation by denoting the top horizontal morphism, which is an schematic open embed-
ding, by the same letter j.

We have an obvious morphism add : (Ran x Rang)disj — Rang.

The correspondence
(Ran X Ranw)disj
/ add
Ran x Rang Ran,
makes Ran, a Ran-module object in the category of categorical prestacks with morphisms given by
correspondences.
2.2.5. Factorization module categories.
Definition 2.2.6. Let A be a factorization algebra category. A factorization A-module category
supported on Ran, consists of the following data:

e An object
C € CrysCat(Ran,);
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e An equivalence
act : j*(CX A) — add®(C)

in CrysCat((Ran x Rang)aisj);
e Higher compatibilities between the above morphism and the Ran-module structure on Ran de-
fined in Construction |2.2.4)

Definition 2.2.7 ([CEZ26]). Let A be a factorization algebra category and C be a factorization A-
module category supported on Ran,. We define the core of C to be C, := i*C, where i : pt — Ran,, is
the morphism corresponding to x C x.

We also say C, is a factorization A-module category concentrated at x.

Definition 2.2.8. Similar to Definition given a morphism ® : A1 — Ay in FactCat!>unital
and factorization A;-module categories C;, we can define the notion of lax-unital factorization functors
= :C; — Cs that intertwine the action of ®. Let

FaCtFunlax—unital,@ (Cl 5 C2)
be the oco-category of such functors.

When ® is strictly unital, we say Z is strictly unital if its underlying morphism in CrysCatlax(Ranz)
is strict. Let

FactFune (Ci, C2) C FactFunjax-unital,o (C1, C2)
be the full subcategory of strictly unital factorization functors.
When ® = Ida is the identity functor, we also write
FactFuna (C1, C2) C FactFuniax-unital,a (C1, Cz2)
for the above inclusion, call their objects strictly unital factorization A-linear functors.
Notation 2.2.9. Similar to Notation[2-1.15, let
FactModCat'>*"it?!

be the (00, 2)-category such that:

e An object is a pair (A, C) such that A is a factorization algebra category and C is a factoriza-
tion A-module category;

e A morphism is a pair (2,2) : (A1,C1) — (A2, C2) of laz-unital factorization functors such
that Z intertwines the action of ®.

Let
FactModCat C FactModCat'®* !
be the 1-full subcategory containing strictly unital factorization functors as morphisms.
Consider the obvious forgetful functor

(25) FactMOdcatlax—unital N Factcatlax_unita]

Notation 2.2.10. For an object A in the target, we denote the fiber at it to be
A—-FactModCat.

For C1, Cy; € A—FactModCat, denote by FactFuna (C1, Cz) the category of functors between these
objects.

Remark 2.2.11. By [CFGY25 Lemma C.7.2] the category A—FactModCat coincides with the fiber
of
FactModCat — FactCat

at A.



14 E. BOGDANOVA

2.2.12. Factorization modules.

Definition 2.2.13. Let A be a factorization algebra category and C be a factorization A-module
category. Similar to Definition[2.1.17, we define

FactMod(A, C) := FactFuniax-unita1 ((Vect, Vect), (A, C)).

For a factorization algebra A € FactAlg(A), define
A-FactMod(C) := FactMod(A, C) Xpactaig(a) {A},
and call its objects factorization A-modules in C.

Definition 2.2.14. For
(A,C) € FactMod(A, C),

the core of C is defined to be the restriction of the corresponding global section along i : {x} — Rang,
i.e., the object

C. € C,.

We also say Cy is a factorization A-module concentrated at C,.

Lemma 2.2.15 (JABC" 24, Lemma C.14.10], [CEZ26]). Let A be a factorization algebra category and
C be a factorization A-module category. Then the functor

unita -FactMod(C) — C,, C — C,
is an equivalence.

2.2.16. Factorization restriction of modules. One of the important ingredients in the proof of Theorem
is the following general result established in [CEZ26].

Theorem 2.3 ([CEGY25| Section C.10]). Given a laz-unital functor between factorization categories
®: Ay — As, there exists a natural contravariant functor

Ress : A;—FactModCat — A;—FactModCat,

we call it the factorization restriction functor along ®. Moreover, for Co € As—FactModCat, there
is a canonical equivalence

(2.6) Ress(C2)z ~ P(unita, ) -FactMod(Cs).
In particular, if © is strictly unital, then Ress(C2) and Ca have equivalent cores.

Proposition 2.3.1 ([CFGY25, C.10.10]). Let ® : A — A’ be a morphism in FactCat'™>"»*! gn
C’' € A’—FactModCat. Let A € FactAlg(A). Then there is a canonical equivalence

A-FactMod(Ress(C')) ~ &(A)-FactMod(C').

Definition 2.3.2 ([CEGY25| C.10.16]). Let A be a factorization algebra category and C be a factor-
ization A-module category. Let ¢ : A1 — Az be a morphism in FactAlg(A), viewed as a 2-morphism
in FactCat'® "t Then we have a factorization Vectran-linear functor

Res4,(C) — Res4, (C).

The core of it is a functor
As -FactMod(C) — A1 -FactMod(C),

which we denote by Resg and call it the factorization restriction functor along ¢.



LOCAL SYSTEMS WITH RESTRICTED VARIATION VIA FACTORIZATION 15

2.3.3. The basic adjunction. Recall that for any (oo, 2)-category E, we have the notion of adjunctions
in E. Namely, it consists of a diagram

F:U=2V:G
and 2-morphisms F' o G — Idy, Idy — G o F satisfying the usual axioms.

Lemma 2.3.4 ([CEFGY25]). Let
A=A T

tlaxfumtal

be an adjunction in the 2-category FactCa . Then ® is strictly unital.

The following result follows from Theorem 2.3

Theorem 2.4 ([CFGY25, C.10.8], [CEZ26]). Let ® : A = A’ : U be an adjunction in the 2-category
FactCat'®unital - Thep there is a canonical adjunction:

Ress : A'—FactModCat = A—FactModCat : Resy.

Remark 2.4.1. Let ®: A = A’ : U be an adjunction in the 2-category FactCat'®"ital - Note that

(1) For C' € A’'—FactModCat, the core of Ress(C’) is equivalent to that of C' because ® is
strictly unital.
(2) For C € A—FactModCat, the core of Resy(C) is equivalent to ¥(unita )-FactMod(C).

Hence we can formulate the basic adjunction as the following equivalence:
FactFunA(Cg67 C,) ~ FactFunA/(C/z, U (unita ) -FactModc, ),

where we use the point of view of factorization module categories concentrated at x (rather than sup-
ported on Ran).

2.5. Factorization patterns in families. In the present paper we will need to use a slight general-
ization of the above formalism. Namely, we need factorization patterns in families parameterized by a
fixed prestack S with some condition that make technical work easier: we require S to be 1-affine and
the category QCoh(S) to be semi-rigid (see [AGK ™22l Appendix C] for what this means).

First, we informally formulate a S-linear version of the notion of crystal of categories on a categorical
prestack.

Definition 2.5.1. Let Y be a laft categorical prestack. A S-linear crystal of categories A on'Y consists
of the following data:

e For any s: R — Y with R being a finite type affine scheme, there is a DMod(R) ® QCoh(S)-
module DG category:

A, € DMod(R) ® QCoh(S) — ModCat.
e For any 2-cell

there is a functor
0; Ay = Ay
intertwining the symmetric monoidal functor
u' ®1d : DMod(S) ® QCoh(S) — DMod(T) ® QCoh(S),
such that if 0 is invertible, then the induced functor
DMod(T') ®pmod(s) As — Ay

is an equivalence.
o Certain higher compatibilities.
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Notation 2.5.2. Let
CrysCat”*""(Y) C CrysCat”'*(Y)

be the (00, 2)-category of crystals of categories on'Y , with 1-morphisms given by strict/lax morphisms
between crystals of categories, and 2-morphisms given by natural transformations.

Remark 2.5.3. Replacing
CrysCat™" (resp. CrysCat'™(Y))
by
CrysCat™*"" (resp. CrysCat”>'™(Y))

everywhere we obtain the analogues of the definitions and statements presented in this section. We
discuss the proofs and definitions in more detail in Appendiz[C

Example 2.5.4. Given A € FactCat we can construct
A% := A ® QCoh(S) € FactCat®.

2.6. Commutative factorization algebra objects. The identity morphism of Ran upgrades to a
map of commutative algebras given by the correspondence 1) and the map add.

Definition 2.6.1. A multiplicative S-linear crystal of categories A on Ran consists of the following
data:

e An object

A € CrysCat® (Ran),
e An isomorphism

unit : Vects, — 0% (A)

in CrysCat®(pt);
o An isomorphism

mult : AKA — add (A)

in CrysCat®((Ran x Ran));
e Higher compatibilities.

Remark 2.6.2. Note that the data in Definition has underlying data of lax S-linear factorization
algebra category.

Definition 2.6.3. A commutative S-linear factorization category is a multiplicative S-linear crystal
of categories, whose underlying data of lax S-linear factorization algebra category is strict.

Definition 2.6.4. Similarly, for a commutative S-linear factorization category A we can define com-
mutative S-linear factorization algebras in A. Denote this category by CFactAlg® (A).

Example 2.6.5. An element C € CAlg(DGCat) can be upgraded to a commutative S-linear factor-
ization category, denoted by C¥.

Lemma 2.6.6 ([RasI8, Lemma 8.10.1]). For C as in Ezample [2.6.5, the restriction functor to X
induces an equivalence

fact : CAlg(C%) <= CFactAlg®(C%),

where C% is the pullback of C° along X — Ran.
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2.7. A variant: modules over factorization algebra objects on Rany. Fixz € X, let U = X\ z.
Recall that Rany is a commutative algebra in the category of categorical prestacks with morphisms
given by correspondences. Similar to Construction [2.2.4] we get that Ran, is a Rany-module.
Notation 2.7.1. We set

e FactCat®(Rany) (FactCat>'®"™*a(Rany)) is the category of S-linear crystals of categories
on Rany with a structure of factorization algebra with (laz) unital morphisms;

e FactModCatj, (FactModCaty '™ "™ )is the category of pairs (Ay, M), where Ay €
FactCat®(Rany) (€ FactCat5'>*"™*!(Rany)) and M is an S-linear crystal of categories
on Ran with the structure of factorization module category over Ay (similar to|2.2.6). The
morphisms in this category are (laz-unital) factorization functors;

o For Ay € FactCatS(RanU) set

Ay — FactModCatS(Ranz);
e For (A,M) € FactModCatj, and Ay € FactAlg®(A) set
Ay -FactMod® (M).
Remark 2.7.2. All of the results from this section and Appendiz[C] make sense in this setting, where

the factorization algebra category/algebra is defined over Rany, and all the proofs go through on the
nose.

3. STATEMENT OF THE RESULT

Since we are going to work only on the spectral side of the equivalence L, we will change the notation
and replace G by G. Let X be a smooth affine curve, z € X be a closed point. Let U = X \ z.
Recall the statement of Conjecture

Conjecture. There exists a fully faithful functor
Fact : QCoh(LS¢(D°))—ModCat — Rep(G)—FactModCat

that is compatible with the forgetful functors from both sides to DGCat. Here

- On the left-hand side QCoh(LSc (D)) is viewed as a monoidal category with usual tensor
product. The left-hand side is the (00, 2)-category of modules for this monoidal category.

- On the right-hand side Rep(G) is the DG category of representations of G equipped with factor-
ization algebra category structure coming from the symmetric monoidal structure on Rep(G).

3.1. Construction of the functor. In this subsection we present a construction of the functor Fact
from Conjecture [I]

3.1.1.  Recall from [RasI8| 9.4] the definition of the factorization categorical prestack LS¢ (D)Rranx,, :

Definition 3.1.2. For any test affine scheme S the category Q&(D)RanXdR (S) is defined as follows:

o An object is a pair (s,w) consisting of an object s € Ranx,y (S) and w € T(Ds, Q% K Os);
e A morphism from (s,w) to (s',w’) consists of a morphism s — s’ in Ranx,,(S) and an
isomorphism between w and w'|DS.

Definition 3.1.3. For any test affine scheme S the category G(D)Rranx, (5) is defined as follows:

o An object is a pair (s, g) consisting of an object s € Ranx,, (S) and g € Maps(Ds, G);
e A morphism from (s,g) to (s',g’) consists of a morphism s — s’ in Ranx,, (S) and an iso-
morphism between w and g'|p, -

Definition 3.1.4. We set
L6 (D)rany,, 1= (Lie(G) © Ok (D)rany., )/ G(D)rany, -
By |[Rasl8, Lemma 9.8.1] we have an equivalence of factorization algebra categories:

(3.1) QCoh(LSc(D)ranx,, ) = Rep(G).
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3.1.5. We will define Fact(QCoh(LSg(D°))) as the category of quasi-coherent sheaves on the
LSG(D)Rande -module categorical prestack to be denoted LSa(DRay)-

Definition 3.1.6. Define the prestack Q' (Df,,) degenerating Q' (D) to Q'(D°) as follows. For any
test affine scheme S the category Q' (Dfan)(S) is defined as follows:

o An object is a pair (s,w) consisting of an object s € Ranx,, (S) and w € T(Dsxx U, QyR0Os);
e A morphism from (s,w) to (s',w’) consists of a morphism s — s’ in Ranx,g.«(S) and an
isomorphism between w and Wl|(DS><XU)~

Definition 3.1.7. Define the prestack G(DR,,) degenerating G(D) to G(D°) as follows. For any test
affine scheme S the category G(Dgan)(S) is defined as follows:

o An object is a pair (s,g) consisting of an object s € Ranx,g,«(S) and g € Maps(Ds xx U, G);
o A morphism from (s,g) to (s',g') consists of a morphism s — s’ in Ranx,g.«(S) and an
isomorphism between g and g'|p,x U -
Definition 3.1.8. Set
LSc(DRan) := (Lie(G) ® Q' (DRan))/G(DRan)-

It is clear that LSg(DR,,) has a factorization LSG(D)RanXdR—module structure.

Remark 3.1.9. Note that
(32) LSG(D3an)z(S) = Lie(G) @ I'(S x (X2)* xx U,Qf K Og)/Hom(S x (X2)™ xx U, G) =
' =~ LSq(D°)(S).

Remark 3.1.10. Consider any s € Ranx,, (Spec(A)) and x4 : Spec(A) — = — Ranx,,. Note that
the map Dz, — D, induces a map

LSc(DRan) — LS (D°),
and therefore endow Fact(QCoh(LSc(D°®))) := QCoh(LS¢(DRay)) with an action of QCoh(LSg(D?)).
3.1.11. The functor in Conjecture [1|is defined by
(3.3) Fact(M) := Fact(QCoh(LSa(D?))) ®qcon(n.se(po)) M.

3.2. Lisse sheaves. In this subsection we define and study lisse sheaves on D°. Even though in this
paper we work in the de Rham context, in his subsection we give the definition in all three frameworks:
Betti, de Rham, and etale. In the etale context we relax the condition char(k) = 0.

Definition 3.2.1. o In the Betti context, let Lisse(D°)Y denote the abelian category of local
systems of finite rank on S, i.e. finite-dimensional vector spaces with an automorphism.
e In the de Rham conext, let Lisse(D°)¥ denote the abelian category of finite rank free k((t))-
modules V equipped with a k-linear map

V:V = Vdt

satisfying the Leibniz rule. Denote by Lisse(D°) the bounded derived category of Lisse(D°)Y.
o In the etale context, let Lisse(Do)U denote the abelian category of lisse {-adic sheaves on

Spec(k((t)))-

Lemma 3.2.2. The category Lisse(D°)® has finite cohomological dimension.

Proof. Let O be the unit. We need to check that the functor Homy ise(po) (O, —) has finite cohomologi-
cal amplitude. But this functor commutes with colimits, hence it suffices show that for € € Lisse(D°)"
the complex Homgyisse(poy (O, ) is bounded.

e In the Betti context, this object obviously lies in VectZ%<1t,

e In the de Rham context since we can compute cohomology via the de Rham complex this
object lies in Vect=® <1,
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e In the etale context, since Spec k((t)) is a K(m, 1)-scheme, we can can compute
HomQLisse(DO) (O» 5)

as cohomology of 7" (Spec k((t))) with coefficients in the corresponding representation V. Let
us show that these cohomologies lie only in degrees 0 and 1. If char(k) = 0 the assertion is
immediate. Assume that char(k) = p for some prime p # £. The group 7$*(Speck((t))) is
an extension of ]_[q 4p Zq With a pro-p group of wild inertia. In particular, we have an exact
sequence

P — 77" (Speck((t))) — Zs

where P is a profinite group whose finite quotients have orders coprime to q. Then since P
does not have cohomologies with coefficients in Q,-modules, we get that

I(n$*(Spece((t))),V) = T'(Z,, VP),

and the latter is computes by a two-term complex.
O

Definition 3.2.3. Define IndLisse(D°) := Ind(Lisse(D°)). The t-structure on Lisse(D°) uniquely
extends to a t-structure on IndLisse(D°®) compatible with filtered colimits.

Notation 3.2.4. for an Abelian category C¥ denote by Ind” (C%) the Abelian category of functors
between C¥ and Sets that preserve fiber products.

Lemma 3.2.5. The category IndLisse(D°) has the following properties:
(1) IndLisse(D°)¥ 2 Ind® (Lisse(D°)%),
(2) the category IndLisse(D°) is left-complete,
(3) the category IndLisse(D°®) is the derived category of its heart, i.e.
IndLisse(D°) = D(Ind" (Lisse(D°)")) := QLisse(D®).

Proof. Part (1) is immediate. Property (2) follows from |[AGK™22, Theorem E.1.3] and Lemma
We now prove (3). By (1) we have

IndLisse(D°)=~" — QLisse(D°)=""

for every n, and by (2) the source is left-complete. It suffices to check that the target is left-complete
as well. We claim that for an Abelian category A of finite cohomological dimension the category
D(Ind? (A)) is left-complete. Property (3) now follows from Lemma O

Remark 3.2.6. The category QLisse(D°) mimics the category QLisse(X) of |[AGK™22|, which is
defined as
QLisse(X) 2 D(Ind” (Lisse(X)")).
3.2.7. In Betti context we have QLisse(D°®) is obviously a Tannakian category, with a fiber functor
given by ev, for x € S'. Moreover, QLisse(D°) = QLisse(G,,), so all the desired properties of this
Tannakian category were checked in [AGK'22| 1.7.4]. We now study QLisse(D°) in de Rham and etale
frameworks.
Recall that in de Rham context Lisseo(Gm) can be identified with coherent modules over k[t,til]

with connection. Hence by restricting modules we obtain a map

Lisse” (G ) — Lisse” (D).
In the etale context the inverse image functor defines

Lisse” (G,n) — Lisse” (D°).
Since in both contexts it the map is t-exact we get

(3.4) QLisse(Gy) — QLisse(D®).



20 E. BOGDANOVA

Proposition 3.2.8. There exists a symmetric monoidal t-exact section
QLisse(D°) — QLisse(Gy,)
of the map .

Proof. e In the de Rham context, by [Kat87, Theorem 2.4.10] there exists a t-exact symmetric
monoidal section Lisse(D°)¥ — Lisse(G,,)”. This induces the desired section by Remark

e In the etale context, the same agument works by [Kat86, Theorem 1.5.6].
O

Remark 3.2.9. For any point x € G, the composition
QLisse(D°) — QLisse(Gy,) 2 Vect
defines a fiber functor, making QLisse(D°) a Tannakian category.

In order to apply the formalism of [AGK™22| in our local context we need to show that QLisse(D°)
is a well-behaved Tannakian category. Namely, recall the notion of gentle Tannakian category from
[AGKT22] 1.7.2:

Let H be a symmetric monoidal category, equipped with a t-structure and a conservative t-exact
symmetric monoidal functor oblvyg to Vect. Note that the assumptions on oblvyg imply that the t-
structure on H is compatible with filtered colimits and right-complete. We will additionally assume
that H is left-complete in its t-structure.

Definition 3.2.10. Let H be as above. We will say that H is a gentle Tannakian category if the
following conditions are satisfied:

e The following classes of objects in HY coincide:
(i) Objects contained in H° N H;
(i) Objects that are sent to compact objects in Vect by oblvy;
(iii) Dualizable objects.

e The object 1u has the following properties:
(i) The functor Hommu (1u, —) has a finite cohomological amplitude;
(ii) For any h € H°NHY, the cohomologies of Homy (151, h) € Vect are finite-dimensional.

o The category HY is generated under colimits by H° N HY .

Lemma 3.2.11. The Tannakian category QLisse(D°) is gentle.

Proof. o We first treat te de Rham situation. We begin by checking the first condition. Note that
QLisse(D°)¥ 2 Ind(Lisse(D°)¥). The class of objects QLisse(D°)° N QLisse(D°)Y coincides
with Lisse(D°)?.

By construction the class of objects in QLisse(D°)% 2 Ind(Lisse(D°)?) that are sent to
finite-dimensional vector spaces under the fiber functor from Remark coincides with
Lisse(D°)?.

Every object of Lisse(D°)Y in QLisse(D°)? is dualizable, and since every dualizable object
is compact the class of dualizable objects coincides with Lisse(D°)%. Hence we checked the
first condition in the definition of a gentle Tannakian category.

Let us check the second condition. Let O be the unit. We need to check that the func-
tor Homqrisse(po) (O, —) has finite cohomological amplitude. But this functor commutes with
colimits, hence it suffices show that for £ € Lisse(DO)O the complex Homgqysse(po) (O, E) is
bounded. The latter statement follows from Lemma B.2.21 We also need to show that coho-
mologies of Homgqyisse(po) (O, ) are finite-dimensional. By Levelt-Turritin theorem ([BBDE]
Theorem 2.1]) we can reduce to the case when £ is one-dimensional. Let us first treat the case
when £ is non-trivial. Then H° vanishes tautologically, and H' is the dual space to the zeroth
cohomology of the de Rham complex for £¥, hence also vanishes. The case of trivial £ it is a
direct computation to show that both H° and H! are one-dimensional.
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The third condition that QLisse(D°)¥ is generated under colimits by QLisse(D°)° N
QLisse(D°) is immediate from the fact that the former is Ind(Lisse(D°)¥) and the latter
is Lisse(D°).

Lastly, recall that we proved in Lemma that QLisse(D?) is left-complete.

e In the etale situation, the same arguments work for all desired conditions apart from part
(ii) of the second one. However, the fact that cohomologies of Homqrsse(po) (O, E) are finite-
dimensional follows from our description given in Lemma [3.2.2}

O

3.3. Definition and geometry of LSE**"(D°). In this subsection we define and study the stack
LSE™™(D°). Again, in his subsection we work in all three frameworks: Betti, de Rham, and etale.

Definition 3.3.1. We define the prestack of local systems with restricted variation on the punctured
disk LSE™™(D°)(S) by sending an affine scheme S to the space of right t-exact symmetric monoidal
functors

Rep(G) — QLisse(D°) ® QCoh(S).
Remark 3.3.2. Recall that for a gentle Tannakian category H in [AGKT™22l 1.8.1] the stack

Maps(Rep(G), H) is defined such that for S an affine scheme S-points of Maps(Rep(G), H) are right
t-exact symmetric monoidal functors

Rep(G) — H @ QCoh(S).
By|3.2.11| the stack LSE™* (D°) is a particular case of the stack Maps(Rep(G), H) defined in [AGKT22].

Lemma 3.3.3. There exists a section of the restriction map LSE™ (G,,) — LSES(D°).
Proof. Follows from Lemma [3.2.8 g

By Remark the stack LSE*" (D°) enjoys the properties of the stack Maps(Rep(G), H) estab-
lised in [AGK™22]. We list them in the rest of this subsection.

Proposition 3.3.4. The prestack LS (D°) is an etale stack, equal to a disjoint union of etale stacks
each of which can be written as an etale-sheafified quotient by G of an etale stack Y with the following
properties:

a) Y is locally almost of finite type;

b) Y™ is an affine, classical, reduced scheme;

¢) Y is an ind-scheme.
d) Y is a formal affine scheme in the sence of [AGK™ 22l Remark 1.4.7].

Proof. Follows from Lemma [3.2.11) and [AGK™ 22, Theorem 1.8.3]. a
Corollary 3.3.5. LSE*"(D°) is a prestack locally almost of finite type.

Proof. By [Chapter 2 Corollary 2.5.7][GR17a], [GRI17al Chapter 2 Corollary 2.7.5(a)] and [GR17al
Chapter 2 Corollary 2.7.10] for every laft prestack X such that S X is truncated S" X is locally of
finite type, where X" stands for etale sheafification.

Now since Y is locally almost of finite type the prestack quotient of Y by G is locally almost of finite
type. Moreover, since Y is and ind-scheme by [GR17b, Chapter 2 Lemma 1.2.3] S"Y is truncated, and
hence the prestack quotient of ™Y by "G is truncated.

It is left to notice that by [AGK™22l 2.1.4] the stack LS{**"(D°) is convergent. O

Corollary 3.3.6 (JAGK™22, Proposition 7.8.2, Corollary 7.8.8]). The stack LSE™"(D°) is I-affine.

Lemma 3.3.7 (JAGK"22| Corollary 7.9.2, Theorem 7.9.6]). The category QCoh(LSE™"(D°)) is a
compactly generated semi-rigid category.
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3.4. LSES™(D®) vs LSg(D°). The first goal of this subsection is to establish the following statement:

Theorem 3.5. There exists a natural morphism LSS (D°) — LSg(D°)®", where (—)°* stands for
sheafification in etale topology.

Remark 3.5.1. Note that there are morphisms
LSE(D°) — LSE* (G,) — LSa(Gin),

where the last prestack classifies all de Rham G-local systems on the open curve G,,. The difficulty to
be overcome is that LSg(Gm) does not map to LSq (D).

3.5.2. Let Bung(G,)" C Bung(G,,) denote the substack whose S-points are principal G-bundles on
S x G,, which admit an extension to S x A’ etale locally on S. By [ABCT24 B.7.15] we do have a
canonical morphism

LSc(Gm)" — LSa (D)%,
where
LS¢(Gm)™ = Bung(Gm)" XBung(G,m) LSa (Gm).
Then Theorem is equivalent to the following statement:
Theorem 3.6. The composite
(3.5) LSE™(D°) = LSE™ (Gm) — LS¢(Gm) — Bung(Gm)
factors through Bung(G,»)™".

3.6.1. Let H be the group associated to QLisse(D°) and its fiber functor by the Tannakian formalism.
Two homomorphisms out of H of particular interest to us.

(1) The map
H— G,

corresponding to the full subcategory
Rep(G,) = QLisse(D°)triv — QLisse(D°)

generated by the unit O.
(2) By Chevellay’s theorem, the full abelian subcategory

QLisse(D°)"** < QLisse(D°)"

of semi-simple objects is a tensor subcategory. Under the Tannakian formalism, it corresponds
to the pro-reductive quotient

H — H™.

Lemma 3.6.2. The map
H — G x H™

is an isomorphism.

Proof. We need to show that the functor
Rep(H™ x G,)” — Rep(H)"

is an equivalence of categories. It is essentially surjective by the Levelt—Turritin theorem ([BBDE]
Theorem 2.1]). To see that it is fully faithful, note that as H™? is reductive, every indecomposible
object of the LHS takes the form

VIR J,,
where V' is an indecomposible object of Rep(H red)v and J, is a Jordan block. g
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Proof of Theorem[3.8 Let Maps(Rep(G), Rep(H™)) denote the prestack obtained by replacing
QLisse(D°) with Rep(H™?) in the definition of LS (D°). By Lemma we have a group ho-
momorphism H™4 — H, which induces
LSE*(D°) — Maps(Rep(G), Rep(H™%)).
We claim that the map (3.5 factors through Maps(Rep(G), Rep(H™?)). For this it is sufficient to
show that the symmetric monoidal functor
Rep(H™") ® Rep(Ga) = QLisse(D°) — QLisse(Gn) — D(Gn) — QCoh(G,y,)

factors through Rep(H"™?). This is clear because every G,-torsor on G,, is trivial.
It remains to show that the morphism

Maps(Rep(G), Rep(H™")) — Bung(G,»)

factors through Bung(G,,)". The category Rep(H™) is gentle Tannakian so we can apply results
from [AGK'22] to Maps(Rep(G), Rep(H™?)). Since H™? is reductive, by [AGKT22| Proposition
3.5.4], connected components of Maps(Rep(G), Rep(H™?)) have the form pt / Stabg (i) for some ¢ :
Im(H) — G. Thus we only need to check that the composites

pt — pt / Stabg(¢) — Bung(Gm)

factor through Bung (Gm)+. This holds because every G-bundle on G,, is trivial for a connected G. [
3.6.3. One of the structural result that is not known yet is the following

Conjecture 2. The stack LSE™ (D) is a disjoint union of formal completions of a collection of
pairwise non-intersecting closed substacks of (LSg(D°)")?.

3.6.4. In the rest of this subsection we a result in the direction of Conjecture [2] which will be useful
for us in the future.

Proposition 3.6.5. The map
LSE*™(D°) — LSa(D°)*

is a monomorphism (i.e., is a monomorphism of spaces when evaluated on any affine scheme).

Proof. Note that by Example [A:2:5] it suffices to show that
LSE*(D°) — (Jetsg*(BG))a

is a monomorphism. We first check the condition on classical affine schemes. It is enough to show
that QCoh(Spec(A)) ® QLisse(D°) embeds fully faithfully into the category of A((t))-modules with an
A-linear connection. To show this notice that QCoh(Spec(A)) ® QLisse(D°) is compactly generated
by objects of the form A X (c[i]) with ¢ € Lisse(D°)?, i € Z. So to show fully faithfulness it suffices to
prove that the functor sends AR ¢ with ¢ € Lisse(D°)% to compacts in A((t))-modules with connection,
and that the functor is fully faithful on the full subcategory spanned by these objects.

The first claim follows from the fact that the right adjoint to A((t)) Q) (—) commutes with
infinite direct sums.

The second claim says that

Homqcon(spec(A))@QLisse(pe) (A K c1, AK ca) = Homa((t)) -mod withw (A((£)) @)y €1, A((t)) Qr((e)) c2)
with ¢; € Lisse(D°)¥. This is equivalent to proving the equivalence
Homqrisse(po)(c1, A ® c2) = Hom 4 (1)) -mod withv (¢1, A((t)) @r(t)) c2)-

By [BBDE| Theorem 2.1]we can reduce to the case when c; is irreducible, and then it is dualizable.
Hence it suffices to prove

Homy((1)) -mod with v (05 A ® c2) = Homy((1)) -mod withv (O A((1)) k(1)) c2),

where O is k((t)) with trivial connection. Using [BBDE| Theorem 2.1] again we reduce to the case
when cs is irreducible. In that case c2 = w. L for 7 a finite covering of the disc and £ one-dimensional
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local system. Then by adjunction it suffices to prove the equivalence for c2 one-dimensional, which is
a direct computation.

Note that by construction the prestack (Jetsg®*(BG)). is convergent, hence to prove the proposition
it is enough to show that for a truncated affine scheme Spec(A) the natural map

(3.6) LSE™ (D) (m0(A)) X (setsmer-=(Bay). (ro(a)) (Jetsg™ ™ (BG))a(A) = LSE™ (D°)(A)

is an isomorphism. If A is O-truncated the claim is immediate. If A is 1-truncated note that for
f € LSS (D°)(mo(A)) we have

{f} X (JetsD X (BQ)) 4 (w0 (A)) (Jetsg™*(BG))2(A) 2 T(Dry(a).v XAy Gum,drs [ 8[1] @rg(a) T1(A)[1]).
On the other side of (3.6) we have
{f} XLsgestr (Do) (mo(ay) LSE™ " (D°)(A) = Lar(mo(A) (1)), [ 8[1] ®ro(ay m1(A)[1)),

and the isomorphism (3.6]) follows from Proposition For n-truncated A we conclude the claim
by induction.
|

3.7. Main result.
Theorem 3.8. There exists a fully faithful functor
Fact™*" : QCoh(LSE** (D°))—~ModCat — Rep(G)—FactModCat

that commutes with the forgetful functors from both sides to DGCat. Here

- On the left-hand side QCoh(LSE™ (D)) is viewed as a monoidal category with usual tensor
product. The left-hand side is the (00, 2)-category of modules for this monoidal category.

- On the right-hand side Rep(G) is the DG category of representation of G equipped with factor-
ization algebra category structure coming from symmetric monoidal structure on Rep(G).

3.8.1.  As in Conjecture |1} the functor Fact™" is given by a certain factorization Rep(G)-module
category, Fact™" (QCoh(LSE*™ (D°))), equipped with a commuting action of QCoh(LSE**" (D°)). We
define Fact™* (QCoh(LSE**" (D®))) as the category of quasi-coherent sheaves on the prestack

LS6(Dan)® Xpss(poyet LSS (D),

3.9. Connection with Conjecture 1. The contents of this subsection are dependent on Conjecture

3.9.1. Conjecture [2] implies that the pushforward along the map
LSE*"(D°) — LSa(D°)**
admits arbitrary base change, therefore

°t one has

Proposition 3.9.2. For any prestack Y mapping to LSc(D°®)
QCOh(Lsgsn(Do)) ®QCoh((Ls (Do)et) QCoh(Y) = QCOh(LSrSStr(DO) XLSg(Doyer V)-
We are now ready to establish connection with Conjecture
Lemma 3.9.3. The restriction functor
R : QCoh(LSE™ (D°))~ModCat — QCoh(LSg(D°))—ModCat
is fully faithful.
Proof. For any C1,C2 € QCoh(LS{E**"(D°))-mod we need to show that
Mapsqoon(Lszests (o)) - Modcat (C1, C2) = Mapsqaon(Ls s (0)) ~Modcat (R(C1), R(C2)).

We can write C1 = colim QCoh(LSE™" (D)) ® D; for some plain DG categories D;. Since R is
continuous we may assume that C; = QCoh(LSE**"(D°)) ® D for a plain DG category D. Then

MapsQCoh(LSg(Do))—ModCat(R(Cl)a R(Cy)) =
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= MapSQCoh(LSrGet‘“(DO))—ModCat(QCOh(LSgS”(DO)) ®QCoh(LSg(D°)) QCOh(Lng(DO)) ® D, C2).
By Proposition [3.9.2] the latter is equivalent to
MapSQCoh(LSgS”(DO))fModCat(QCOh(LSgStr(DO) XLSg(De)et LSEJeStr(DO)) ® D, Cy).
Then Proposition |3.6.5| implies the desired claim. [
3.9.4. Combining Proposition [3.9-2) and Lemma [3.9-3] we get
Lemma 3.9.5. The composite functor
Fact o R : QCoh(LSE™ (D°))—ModCat — Rep(G)—FactModCat

coincides with Fact™s™ .

4. REDUCTIONS

4.1. Reduction to the case of Al. In this subsection we reduce Theorem @ to the case when
X = A!, £ = 0. We first record the following corollary of Theorem [B.3

Corollary 4.1.1. Let f : X — Y be a map of curves with x € X,y € Y such that f(z) =y and f is
etale at x. Then we have

(4.1) Rep(G) — FactModCat(Rany,,) = Rep(G) — FactModCat(Ranx ).

4.1.2. Note that every affine smooth curve X admits a map f : X — Al etale at z € X. So we see
that to reduce the problem to the case of A' it suffices to check that the following diagram commutes:

Rep(G) — FactModCat(Rana: o)
(4.2) / E‘
QCoh(LSg**"(D°))—ModCat —— Rep(G) — FactModCat(Ranx,;).
We conclude commutativity of by the following statement:
Lemma 4.1.3. Under the isomorphism the object
QCO(LSc(Dian,, )
maps to

QCOh(LSG (Dlgtanx ))

Proof. Without loss of generality we may assume that f is etale and surjective, and f~'(y) = {z}.
Recall the definition of prestacks in question via Example Let (XJg x )° be the pullback

(Xig x2)° —— Xig x

é |

Ranx gz, — Ranx,g . «-
Our goal is to show that
, i I
JetsBF X (BG™) o1 L X (x1 ey (Xie % 2)°
is isomorphic to
, i I
Jets@erx(BG“awe)deRXy X (I xy) (Xgr x x)°.
Let 2’ : S — (X1z x 2)° C XJz x 2 and denote by y’ composition S — Yiz x y. We will show that
(43) Dxl’v XXdR (X — w)dR = DyI,V XYdR (Y — y)dR.
To do that it suffices to show that there exists

[~}

(44) le,v — Dyz’v
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that makes the diagram

D,1 v — Xar

| ]

DyI,V > Yar

commutative. From the Definition it follows that we need to show that I'f : I' 1 rea N Ty1rea.
We claim that this map is finite. Indeed, we have

red
l—liE(IJrl) S © 4>77m le,red
Fyf,red
with the obvious maps 7, and m,. Now we note that all schemes are affine, Ory 1.rea 18 Noetherian,
rer1) ST which gives that I'y is finite. It is left to check that I'y is
bijection of k-points, but this follows from the fact that  mapped to (Xig x 2)° € X1z x z. a
Corollary 4.1.4. Under the isomorphism the object
QCOh(LSrGeStr(DO) XLSg(D°) LSG (D?{anA1 ))

my is finite, and Orw“ed C OI_I

maps to
QCOh(LSgSM(DO) XLSG (D°) LSG(th){anX ))
Remark 4.1.5. This argument reduced C’onjecture to the case of X = A',z = 0.
For the duration of the main body of the paper we fix a notation X = A', z =0, U = A'\ z.

4.2. Reduction to the affine case I. Let C; and C2 be DG categories acted on by QCoh(LSE**" (D°).
Theorem [3.8 asserts that the functor

(4.5) Fungoon(Lszssts (po)) (C', C?) — FactFungep(c) (Fact™"" (C'), Fact™"" (C?))

is an equivalence.

4.2.1. In this subsection we will show that it suffices to prove when C! = QCoh(R;) with

Ry an affine scheme, where the action of QCoh(LSE*" (D°)) comes from a pullback along some map
Ry — LSE*(D®). We begin with the following immediate property:

Lemma 4.2.2. The functor Fact™" commutes with small colimits.

4.2.3. Thus we may assume that C' = QCoh(LSE"™(D°)) ® C§, where Cj is a plain DG category.
Suppose M' := N ® My such that the action of QCoh(LS{** (D°)) comes from the first factor. Then
we have
1o\ g2 2
Funqcoh(Lsgstr(DO))(M ,M7) Fun(MO’P\unQCoh(LS'G?S”(DO))(NvM )

and
FactFungep(g) (Fact™" (M'), Fact"™" (M?)) =~ Fun(M, FactFung.p ) (Fact™" (N), Fact """ (M?))).
4.2.4. Thus we may assume that CJ is Vect. By Proposition we have LSIS (D°) = ((LY;)/G)*,
where Y; are formal affine schemes, so we can write

QCoh(LSE (D)) 2 QCoh(UY;)%",
where superscript w stands for weak invariants in the sense of [Berl7].
Lemma 4.2.5. Let A be a symmetric monoidal category, C € A—ModCat. Assume also that C
admits a weak action of a group G of finite type. Then

Gaw Ay
C - CG,w

as A-modules.
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Proof. Follows directly from the case A = Vect (see [Berl?, Corollary 2.3.5]). O

4.2.6. Hence by Lemma we can reduce to the case C' = QCoh(lYi)g,w- Then we can write
QCoh(UY;)a,w as a colimit of the bar resolution

(4.6)

. :% QCoh(G) ® QCoh(G) ® QCoh(LY;) —— QCoh(G) ® QCoh(LY;) —2 QCoh(LY;),
where the arrows are given by action, multiplication, and trivial action. Notice that since
QCoh(LSE®*" (D®)) is semi-rigid all arrows in the diagram (4.6)) are QCoh (LS (D°))-linear. Therefore
we may assume that

C' = QCoh(G™) ® QCoh(LY;),
and thus that
C' = QCoh(G" x Y3).
4.2.7. Now each Y; x G" is a formal affine scheme, so by [AGK™ 22, Corollary 7.3.4] we can write
QCoh(G™ x Y;) = colimAgSCh/Ychn QCoh(S;)

with affine S;, where the maps are given by pushforwards. Using semi-rigidity of QCoh(LSgE**" (D))
we see that these maps are QCoh(LS{E™" (D°)-linear, hence we obtain the desired reduction.

4.3. Reduction to the affine case II. In this subsection we will further reduce to the case when
C? = QCoh(R:) ® C3. Here R; is an affine scheme, the action of QCoh(LS{E™(D°)) comes from a
map

Ry — LSE™™(D°),
and C3 is a plain DG category.
Proposition 4.3.1. The functor Fact™" commutes with small limits.
Lemma 4.3.2. Let S be a prestack such that QCoh(S) is semi-rigid. Let
A=A T
be an adjunction in FactCat®. Let C' € A'’—FactModCat®. Assume that restrictions of A and A’
to X2 for every I and restriction of C' to every Xix x {x} for every I are dualizable as plain DG

categories. Then restriction of Ress(C') to X1z x {x} is dualizable as a plain DG category for every
1.

Proof. By Remark ” and the conditions on C’, A and A’, and [Che23| Lemma A.3.4] we know
that Ress(C') x1_ {=} Is given as a limit of dualizable categories. Then the desired assertion follows

from Corollary ‘ a

Proof of Proposition[{.3.1 Recall (see m ) that
Fact™*" (M) := M ®qcon(Lszestr (o)) Fact™" (QCoh(LSE™ (D?))).

Since by Lemma QCoh(LSE®* (D®)) is semi-rigid it suffices to check that
Fact™™" (QCoh(LSE™ (D)) x; . 1s)

is dualizable as a plain DG category for every I.

We claim that by Proposition we are in position to use Lemma Indeed, the category
Vect™S&™ (P°) ig dualizable on every stratum since by Lemma the category QCoh(LSE™ (D)) is
dualizable. Dualizability of

Rep(G)LSgstr(DO)
on every strata follows from [Ras21al Corollary 6.18.2]and [Che23| Lemma A.3.4]. a
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4.3.3. By Barr-Beck-Lurie theorem we can write C? as a colimit of the diagram

... /= QCoh(LS¥™(D°)) ® QCoh(LSE™™ (D°)) ® C* ——% QCoh(LSK*" (D°)) ® C2,

where the maps are given by action and multiplication on QCoh(LSE* (D°)). By definition of semi-
rigidity and by [AGK™22, Lemma C.5.3] these maps admit continuous QCoh (LS (D®))-linear right
adjoints.

Lemma 4.3.4. Let A be a semi-rigid symmetric monoidal category. Let I be an co-category, leti— C;
be a functor I - A—ModCat. For o :i — j € I denote the corresponding functor between C; and
C; by Fo. Assume that for each o the functor

Oblv(F,) : Oblv(C;) — Oblv(C;)

admits continuous right adjoint Oblv(G,), which is then upgrades to an A-linear functor Go by semi-
rigidity. Then
F 1°0,G

in A -mod.
Proof. Let us first check that the underlying DG categories are equivalent. Since
Oblv : A—ModCat — DGCatcont

commutes with colimits we have

Oblv(colim C;) 2 colim Oblv(C;).
I,F 1,0blv(F)

On the other hand since Oblv also commutes with limits we have that

Oblv(lim C;)= lim _ Oblv(C;).
IoP G I°P Oblv(G)

But by [Gal, Lemma 1.3.3]we get

(4.7) colim Oblv(C;) = lim  Oblv(C;),
I1,0blv(F) 1P ,0blv(G)
where the functor from left-hand side to right-hand side corresponds to the system of functors

linSj,DGCatcont : OblV(Cj) — Jop ggllv((}) Oblv(Ci),

which are left adjoints to tautological functors

€V;j,DGCatcont Iop,g{,rllv(c) Oblv(Ci) — Oblv(C;).

The latter functors are images under Oblv : A—ModCat — DGCatcont of
€Vj,A—ModCat ' ILignG C; = Cj,
hence by semi-rigidity left adjoints 'ins; upgrade to A-linear functors left adjoint to €Vj,A—ModCat-
Therefore there exists an A-linear map
colim C; — lim C;
I,F I°p.G
such that its image under Oblv is (4.7]). But since (4.7) is an equivalence and Oblv is conservative we

are done.
a
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4.3.5. By Lemmawe can write C? as a small limit in QCoh (LS (D°))—ModCat of categories
of the form
QCoh(LSE* (D)) ® Dy,
where each D; is a plain DG category. Hence by Lemma we can reduce to the case
C? 2 QCoh(LSE™ (D)) ® C3,
were C7 is a plain DG category. Note that we have
QCoh(LSE™ (D°)) @ C§ =
= FunQCoh(Lercstr<D°)) (QCoh(LSE™ (D)), Ci® QCoh(LSE™ (D))
as QCoh(LSE™™ (D°))-modules. As in the previous step, we can rewrite QCoh (LS (D°)) as
colim QCoh(.S;)
with affine S;. Hence
QCoh(LSE™(D%)) ® Cj =

2 Funqcon (Lgssst (poy) (colim QCoh(S;), CF @ QCoh(LSE™ (D°)))

as modules over QCoh(LS5*" (D®)) , which can be rewritten as
lim FunQCOh(LSchmwo))(QCoh(Si), Ci ® QCoh(LSE™ (D°))) 2 lim QCoh(S;) ® C3.

Here the last equality follows from the fact that QCoh(S;) is self-dual as QCoh(LSE™"(D°)) -module
([AGK™22, C.2.7]). Therefore by Lemma we obtained the desired reduction.

4.3.6. So equation (4.5) becomes

QCoh(R1) ®qoh(Lsisstr(poy)y QCoh(R2) @ Cj =
= FactFungep(q) (Fact™" (QCoh(R;)), Fact™" (QCoh(R2) @ C7)).

Since LSE™" (D°) is 1-affine (Lemma|3.3.6) and QCoh(LSE™" (D°)) is semi-rigid, we can use [AGK™22
Lemma 7.8.11] to rewrite left-hand side of the equation (4.8) as

QCOh(Rl XLSrGestr(Do) RQ) ® Cg

(4.8)

4.4. Factorization modules for the twisted regular representation. The rest of the section will
be dealing with rewriting right-hand side of the equation (4.8). To simplify the notation we assume
that C§ = Vect, and denote by T the affine scheme Spec(R1 x Ra).

4.4.1. Then by Corollary and Corollary we can rewrite the right-hand side of (4.8]) as
(4.9) FactFunge, ¢ (Fact™" (R1) ® QCoh(Rz), Fact'" (R2) ® QCoh(Ry)).
We will use Theorem-Definition to simplify (4.9). We will realize the source and the target as

parameterized factorization restriction.

4.4.2. Recall from Lemma [3.3-3 we have a map
LSE™ (D) — LSE™ (U),
which gives a map
Ugr x LSE*(D°) — BG xUgr x LSE™™(D°),
where the map to the third component is projection. This induces a map
Jetsy psrestr (poy (Uar X LSE™ (D)) = Jetsg pspestr(po) (BG xUar x LSG™ (D?)).

Pulling back we obtain a map of LS&E™™ (D°)-linear factorization algebra categories

PUnlY . Rep(G)LSrc?S"<D°) N VectLSrG?S"(DO) '
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Let f,, denote the morphism R; — LSE**" (D). Restricting UMY to Ry we get
™Y : Rep(G)™ — Vect™ .
let
®; := O™V ® QCoh(Rs) : Rep(G)" — Vect” .

Remark 4.4.3. Note that ®"™ (and thus ®1) admit continuous right adjoints given by pushforward
of quasi-coherent sheaves.

Proposition 4.4.4. There exists an equivalence

Lsrgestr(DO)

Resi 0, (77 (Vect ™6™ (P7)) o Fact™'" (QUoh(LSI™ (D°)))

as elements in Rep(G)LSrGem(Do)fFactModCatLSrC?mwo)_
Corollary 4.4.5. There exists an equivalence

Reszl;1 (VectT) & Fact™" (QCoh(R;)) ® QCoh(R2)
as elements in Rep(G)T —FactModCat”.

4.4.6. We postpone the proof of the Proposition to the Subsection and finish the description
of (4.9). It follows that we have

FactFungep@) (Fact™*" (R;) ® QCoh(Rz), Fact™*" (R2) ® QCoh(R;)).
= FactFungep(G) (Resa, (Vect”), Fact™ "™ (Ry) ® QCoh(R1)),
= FactFunt,e, (Vect”, Resgn (Fact™"" (Rz) © QCoh(R1)))
=Resgr (Fact™""(R2) ® QCoh(Ry))
~31 (wy K Or)-FactMod” (Fact™"" (Rs) ® QCoh(Ry)),

where

The first equivalence is due to Proposition [£-4.5

The second equivalence is due to Theorem-Definition

The third equivalence is due to [CEGY25, Lemma C.7.13] (will be proved in [?]).
The last equivalence is due to Remark [C.3.1}

Finally, note that by Proposition we have
Fact™"" (R2) ® QCoh(R1) = Resas, (Vect” ),
so by Corollary the expression (4.9) becomes

By 0 & (wy K Or) -FactMod™ (Vect™).

4.4.7. Now we give an explicit description of ®3 o ®(wy K Or). Then chasing the diagram

CAlg(DMod(U) @ QCoh(T')) ——=—— CFactAlg" (Vect”)

[ Jor

CAlg(Rep(G) ® DMod(U) @ QCoh(T)) —== CFactAlg” (Rep(G)")

lFaZ . l%

CAlg(DMod(U) ® QCoh(T)) ————— CFactAlg” (Vect™)

we obtain

By 0 B (WRany B Or) 2 fact(Fy, *F,y , (wo K O7)).
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4.4.8. So we reduced the statement (4.5) to
(4.10) QCoh(Ry Xygpestr(poy Ra) & Fop " Foy , (wr ) Or) -FactMod” (Vect”).
4.5. Proof of Proposition 4.4.4.

Proposition 4.5.1. Let S be an affine scheme with a map o : S — LSE**" (D). Consider a post-
composition of this map with the section LSS (D°) — LSE™™ (U) and the corresponding morphism

fo: (U)ar x S — BG.

Then etale locally on S the morphism f, factors through BG™Ye,
Proof. Since BG™¥® — BG is formally etale it suffices to show that the underlying G-torsor on U x S
is trivial etale locally on S. Recall from the proof of Theorem [3.6] that the map

LSE*"(D°) — LSE™ (Gim) — Bung(Gm)
factors through

Maps(Rep(G), Rep(H™")) — Bung (G, ).
Then, as in the proof of Theorem we notice that connected components of

Maps(Rep(G), Rep(H™"))
have the form pt / Stabg () for some ¢ : Im(H) — G. Thus we only need to check that the composites
pt — pt /Stabg(¢) — Bung(Gm)

define trivial G-bundles. This holds because every G-bundle on G,, is trivial for a connected G. O

4.5.2. We will construct an adjoint pair of functors between Vect“S6™" (0% and

Fact™" (QCoh(LSE*" (D))
given by pullback and pushforward along a certain map
(4.11) T, : LG (D) x (Ranx,g.2)" = LSGE™ (D°) X154 (poyet LS (DRan)".
Let us now construct ¥s.
Construction 4.5.3. Consider an affine scheme S = Spec(A) with maps o : S — LSE* (D°) and
t: S — (Ranx,g,). By Proposition we can find an etale covering S’ of S such that the
corresponding morphism

fo 1 (U)ar x S — BG

factors through BG™¥°. We then get an S’ -point of LSg(Dgan)® by taking

Dtl,v X X4r Ugr —— (U)dR x S’ T BGnaive7

where t' 1 §" — S — (Ranx,g,s)"

This upgrades to a map from the Chech nerve of S — S to LSG(Dfan)®*. Hence we obtain an
S-point of LSc(Dfan )", and the fact that the composition

S — LS (Dfan)" — LS (D)
agrees with the composition
S — LSE™(D°) — LSg(D°)°*
is immediate.
Proposition 4.5.4. The morphism
(4.12) LSE™ (D°) X154 (poyet LSG(DRan)®" — LSE* (D) x (Ranxp,z)"
has affine diagonal.
Corollary 4.5.5. The morphism Vs is affine.

The rest of the subsection is dedicated to the proof of Proposition[£:5.4] Proposition .44 will follow
immediately, as will be explained at the end of the subsection. Consider the following general setup:
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Lemma 4.5.6. Let X, ), Z be prestacks over a base prestack B with X — Y < Z. Let Gx, Gy, Gz
be group prestacks over B with Gx — Gy < Gz acting compatibly on X, Y, Z respectively. Assume
that

(Gz2)" = (Gy /Gx)™

is surjective in etale topology. Then
(X/Gx)" Xy jayrer (2/G2)™ = (X xy 2)/(Gx xay Gz))™

as prestacks over B°.

Proof. Since sheafification commutes with finite limits [Lur09, Proposition 6.2.2.7]
(X xy Z2) =2 X Xyt Z°
and there is a tautological map to (X/Gx)® X (y,/Gy et (£/Gz)* such that

(Xet Xyet Zet) X((X/Gx)et )et(z/cz)et) (Xet Xyet Zet) = (Xet Xyet Zet) X (GX X Gy Gz)et.

/ey

Therefore it suffices to show that
Xet Xyet Zet — ()('/Gx)et X(y/GY)et (Z/G’Z)et

is surjective in etale topology. Equivalently, we need to show that

(X xy 2)* = (X/Gx Xyay 2/Gz)"

is surjective in etale topology. Let T be a test affine scheme mapping to the target. Passing to a
covering T we obtain a T"-point of X /Gx Xy,c, Z2/Gz, and since (Gz)** — (Gy /Gx)" is surjective,
passing to a cover T” we can lift the T"-point of (X/Gx Xy ;a, Z/Gz)*" to (X xy Z)*.

O

Proposition 4.5.7. Recall from Deﬁm’tion that Q' (DRan) is the prestack degenerating Q'(D) to
QYD) and G(D},,) is the prestack degenerating G(D) to G(D°). Then

(4.13) (Q1(D°)/G(D))*" X154 (poyer LSG (Ditan)™ 2= (2 (Dian)/G(D)Ranx .. )"
Proof. First, we will prove that
(4.14) (21(D°)/G(D))*" Xrs6(poyer LSG(Dian)®" 2 (2 (DRan)/G(D) X (pe) G(Dian))"-
By Lemma [£.5.6] it is enough to show that the natural map
(G(DRan)™ = (G(D®) x Ranx, g 2)/(G(D) x Ranx g )"

is surjective.
Consider a prestack G[t,¢'] defined by

G[t,t~"](Spec(A)) = Maps(Spec(A[t,t~']), G).
Note that G[t,t™'] x Ranx,y - maps to G(D°) x Ranx,,« and to G(Dg,,) such that the diagram
G(DRan)
G[t,til] x Ranx, g, — G(D°) x Ranx .«
is commutative. So it suffices to check that the map
Glt,t™'] = (G(D°)/G(D))™
is surjective in etale topology. We claim that
(G[t,¢71)/GI)™ = (G(D°) /G (D))",

where G[t](Spec(A)) = Maps(Spec(A[t]), G). Indeed, by the Beauville-Laszlo theorem (G(D°)/G(D))*
is equivalent to the stack parameterizing G-torsors on A! with a trivialization on G,,. But all such
torsors extend to P*, and hence by [DS95 Appendix] are trivializable. Therefore we obtain the desired
isomorphism by choosing a trivialization.
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Next, we claim that
G(D) Xg<Do) G(DIC‘){an) = G(D)Rande,m-
This follows by definition from the fact that for f : Spec(A) — Ranx .- the diagram

Spec(A((1))) —— Spec(Aly, 1)

J |

Spec(A[lt]) ——— Spec(Allfy, )

d

is a pushout square. To see this (or, equivalently, that the corresponding diagram of rings is a pullback
square), it suffices to show that

(4.15) A(O)/AL) = Al e[ 1/A W,

Note that A[[t]]/(t) = A, and since (II‘fred) C (t) we also have A[t](y,. d)/(t) =~ A. Hence
fro

E

red

AL/ = Al /07
Then writing left-hand side of as
colim(0 —— A[t]]/(t) —— NGINGS) — ),
and right-hand side of (4.15]) as

)/(t2) — )

colim(0 —— AWy /() — Al :

Iﬂfred
we get the result. So we can rewrite the right-hand side of (4.14]) as
(Ql(Dlgnan)/G(D)Rande,z)Et'

Lemma 4.5.8. The morphism
Ql(Dl%»an)/G(D)Rande,x — Ranxp o

has an affine diagonal.

Proof. Note that since G(D)gran Xape is affine over Ranx . it suffices to check that the map
Q' (Dfan) — Ranx q .«

has an affine diagonal. Indeed, consider a prestack Ql’S"(Dﬁan) defined as follws. For any test affine
scheme S the category QV="(Dg.n)(S) is defined as:
e An object is a pair (s,w) consisting of an object s € Ran(S) and w € (D, Q=" K Os);
e A morphism from (s,w) to (s’,w’) consists of a morphism s — s” in Ran(S) and an isomorphism
between w and ’|p, .

Here ngn stands for the sheaf of 1-forms with a pole of order < n. Since j.(Qf) 2 colim, Q%}S" we

have
[(Ds ®x U, Qf K Os) 2 colim,, T'(Dy, ;=" K Og).
Therefore we have that for any affine S a map S — Q'(Dg,.) factors through Q»<"(Dg,.) for some
n. Thus it suffices to check that
Ql’Sn(Dﬁan)) - Ral’lde,z

has an affine diagonal, which is immediate. g
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Lemma 4.5.9. Let f : X — ) be a morphism of prestacks which are sheaved in etale topology. Suppose
that there exists a moprhism Y' — Y which is affine and an etale covering. Then if the moprhism
X =xxyY =Y
has affine diagonal then so does f.
Proof. Note that
X Xy X = X xy X

is an affine etale covering, and pullback of A; along this map gives affine morphism Ay/. For an affine
scheme T mapping to X Xy X consider the pullback along this map of the Cartesian diagram

X —— X xypr X

| !

X — X xy X,

We are in position to apply [GR17a, Chapter 2 Proposition 2.4.2], which gives the result. |

Lemma 4.5.10. Let f: X — Y be a morphism of prestacks. Assume that for every affine S mapping
to Y the morphism fs : X Xy S — S has an affine diagonal. Then f has an affine diagonal.

Proof of Proposition[{.5.4 Recall that LSE*"(D®) is isomorphic to an etale sheafified quotient by G
of a certain etale stack ). By Lemma then it suffices to check that

(4.16) Y Xise(poyer LS (DRan)™ — ¥ x (Ranx g ,«)"

has an affine diagonal.

By Lemmal4.5.10} to see this it suffices to show that for every affine S mapping to Y x (Ranx g =)
pullback of (4.16]) to S has an affine diagonal.

But recall that ) can be written as a filtered colimit colim; Y;, where Y; are affine schemes. Therefore
a map from an affine scheme S to J x (Ranx,g,2)®" factors through Y; x (Ranx,p,2)°" for some i. So
it suffices to show that

(4.17) Y; X1sg(poyet LSG(DRan)® — Yi x (Ranx,q.2)"

has an affine diagonal. Consider an etale covering Y; of Y; such that a map Y/ — LSg(D°)°" lifts to
(QY(D°)/G(D))?*. By Lemma it is enough to show that

(4.18) Y! X1sg(poyer LSG(DRan)™ =YY x (Ranx,q.2)"
has an affine diagonal. But by Proposition [£.5.7]
Y! Xisgeyer LSG (DRan)™ 2 Y] X (01(pe)/a(pyet (' (DRan)/G(D)Ranx )

and since (Q'(D°)/G(D))*" has an afffine diagonal and (Ql(D?mn)/G(D)}:{anXdRJC)et — Ranx,,» has
an affine diagonal (Lemma [4.5.8) the result follows. O

Construction 4.5.11. Note that we have an adjunction in FactCat” :
(4.19) "™ : Rep(G)” = Vect” : ™5,
By Corollary we have an adjunction in FactModCat7 :
(®"™,W%) : (Rep(G)", Fact™*" (R1) ® QCoh(Rz)) = (Vect”, Vect™) : ("™ w,,).

Proof of Proposition[].4.4) Tt is clear that U} and ¥, induce the equivalences between the cores. Then
the claim follows from Corollary g
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5. PROOF OF THE MAIN THEOREM

Consider the following diagram:

QCoh(T) =~ QCoh(T)

(5.1) T T

QCoh(R1 Xpgrestr(poy R2) —— Fop " Fo, , (wu B Or)-FactMod”,

where the left arrow is x-pushforward along p : R; Xpsrestr (Do) R2 — T and the right arrow is taking

the fiber at . Commutativity follows from the fact that (—)gep(e) and all reduction steps preserved
forgetful functors.
Passing to left adjoints, we obtain a diagram that commutes up to a natural transformation

QCOh QCoh(T

(5.2) / l

QCoh(R; xLSmm poy R2) —— Fo," Fyy, (wu K Or) -FactMod” .

Let M; and M, denote the monads acting on QCoh(7T) coming from left- and right-hand sides of
the diagrams and . We have a map
Mo — M.
We will show that this is an equivalence, which will imply the equation .
5.1. Description of M;.

Lemma 5.1.1. The diagonal A : LSE™ (D°) — LSS (D°) x LSE™(D°) is affine schematic.

Proof. We will prove that for any prestack ) with an affine diagonal and an affine group G acting on it,
the prestack /G has an affine diagonal. The statement of the lemma will follow then from Proposition

B34
Indeed, consider a cover of Y /G x Y /G given by Y x ). By [GR17al Chapter 2 Proposition 2.4.1(b)]it
suffices to check that the pullback of A to this cover is an affine morphism. We have

(VX V) Xy/axy/c Y/G=G XY,
and the pullback of the diagonal map of V/G is then the composition

prXact

GxY —25 (GxY)x(GxY) 2L yxy,
where both maps are affine. O
Remark 5.1.2. In particular this shows that p is affine schematic and p. is continuous.
Hence by [GR17a, Chapter 3 Proposition 3.3.3] we get that
M = p.(Og, xLng(Do>32) ® -
5.2. Description of M. Note that F,,"Fy,, (wy K Or) lies in
QLisse(U) ® QCoh(T') C DModind-hot (U) ® QCoh(T)

since o1 and o2 are restricted families of local systems. Therefore we can apply Theorem m and

Remark [D.1.16]
Lemma 5.2.1. The commutative algebra Fy," Fo,  (wy W Or) comes from a prestack
(Uar X T) xBG xUqgxT (Uar X T)

affine over Uar X T, where the maps in the fiber product are given by Fy, and Fy.,.
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Proof. Since Fy, is affine by base change
Foy " Fo, (W R OT) = MO W,n xT) x5 xvgp x1(Uar < T)

for 1 (Uar X T) XBG xvpxT (Uar X T) = Uar % T.

So it is left to compute the fiber at x of Jets@?}’iUdR((UdR X T) XBa xvgpxT (Uar x T)).
Lemma 5.2.2. The fiber of
JetsG 7 g ((Uar X T) XBG xvgpx1 (Uar x T'))
at x is tsomorphic to Ry XLstestr (Do) Ro.
Proof. 1t is immediate that the fiber in question is equivalent to
T Xy getsmer*Ba)), T = Bi X (gewsmerx(Ba)), H2-
By construction both maps factor through LSS (D°), so the claim follows from Propositionm a

5.2.3. Therefore we get that My = p.(Or, x
Theorem 3.8

Lsrestr(DO)R2) ® — as well, which concludes the proof of
G

APPENDIX A. MULTIDISCS AND JETS

In this section we collect results regarding (punctured) multidiscs and (meromorphic) jet prestacks
used in the main body of the paper. Some of the results in this section are also proved in [ABC™ 24,
Appendix BJ.

A.1. Discs. For an affine scheme S fix a map =’ : § — XJg.

Definition A.1.1. Define the formal disc ﬁzI as (S x X)léfred, where T grea is the pullback of the
universal divisor along
st 5 xT - Div’l(X).

This prestack admits a canonical descent along X — Xgr given by ﬁzI’v = Sf\fre .-

Definition A.1.2. Define the adic disc D 1 as the affinization of 511.
Remark A.1.3. Note that affinization here is defined since ﬁzz is ind-affine.

This prestack also admits a canonical descent along X — Xar, denoted by D,r . We will explain
the name and give an explicit construction below. Let us note that the various formal discs can be
assembled in the following diagram:

D,: D1 X
ﬁzI,V — DII’V — X4r.
Now we need to define D, ¢ for z' : § — XIz. Notice that naive definition
DII,V = (Dml)dR

will fail to produce the desired answer since even for x : pt — Xqr the diagram

D, —— X
(Dz)ar — Xar

will not be Cartesian. Instead, we will produce the definition via writing down an action of the
infinitesimal groupoid on D, 1.
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Construction A.1.4. For z' : § — X1g define D,1 ¢ as follows. Consider the simplicial prestack
ﬁ;f = ﬁml,v X X4r A‘ = S?fred X X4r Ah

where A. is the Cech nerve of X — Xar. For each n € N, restrict ﬁ;, to the simplicial scheme A£n>,

where A;C") is the n-th neighborhood of the main diagonal in X**1, then take the affinization term-wise.

Denote the result by Dg(vn)’°.
Put D1 ¢ = colimy, \Dg})"

4 s naturally a prestack over Xar we get that D1 ¢ also lives over Xqr.

Remark A.1.5. Since Sﬁfre

Lemma A.1.6. For any z’ : S — X2z we have

Dxl’v XXdR X = sz.

Proof. Consider the following framework. Let Se be a simplicial prestack mapping to A.. Call S,
Cartesian over A, if

Sn XAn A'n-‘,—l = Sn+1

for any choice of projection An+1 — An We claim that in this case |Se| Xx,5 X = So as prestacks
over X. Indeed, if we view X as a constant simplicial prestack over Xar we get

|S.| X Xqr X = |S. X X4r X‘
We claim that
(A.1) Se X x4 X 2280 X x5 Ae

as simplicial prestacks over A, X x4r X. Here Se¢ X x,; X maps to A, via projection to Ss and to X
via second projection, and So X x5 A, maps to A. via second projection and to X via projection to
S().

Let us introduce some notation. Let p; be maps in the simplicial complex A., let di be maps in
the simplicial complex So. Finally, let me denote the map Se — A..

We proceed by constructing the isomorphism in three steps. First, Consider S, x4 An+17 where
An+1 maps to An via p;. This is a prestack over An X Xqr X (it maps to An via 7, precomposed
with projection and to X via composition of projection to An+1 and projection of the latter to the first
coordinate). Identity on S, and projection to the first coordinate on An41 define an isomorphism

Sn XAn An+1 T) Sn X Xar X.

Now using that Se is Cartesian over A. we get an isomorphism over An xx ar X

(di, Tn+1) : Snt1 — Sn XA, JANSIE

Here Syn41 si viewed as a prestack over A, X x5 X via (pj © Tny1, 7m0 0 d1), where dy : Spy1 — So is

the obvious map. Using again that Se is Cartesian over A, we get an isomorphism over An X Xqg X
(d1,pj © Tnt1) : Snt1 — So X xup An.

Composition of the above three isomorphisms defines the desired (A.1)), since it is compatible with
the simplicial structure.
It is left to notice that (colim, D:P)' is Cartesian over A, by construction.

Corollary A.1.7. The prestack D,1 ¢ is affine over Xar for any zl 1 8 — X1z with affine S.
Proof. Since X is smooth every map T' — Xgr for affine T" factors through 7' — X, we have
TXXdR DacI,V gTXxX XXdR DacI,V gTXX Dz.

The latter is fiber product of affine schemes so we are done. a
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Let us justify the name of the prestack D,s . For simplicity we will work with D, , v for
za : Spec(A) = z — Xar.

Proposition A.1.8. For classical A the category QCoh(D, , v) is equivalent to the category of Al[t]]-
modules with connection. Moreover, for an object (M, V) in this category we have

Dy, v, M) = Tar(Spec(A[[t]]), M).

Proof. Proof of the first claim follows the standard argument for de Rham prestack of a scheme. Let
us show the second assertion. We may for simplicity assume that X = Spec k[t]. Consider the diagram

. 2 —_— 1. 2
limn M @aie) Xy, = limn M @) Q2 ,

[v [v
. —_— .
(Az) Mdt [ lim,, M ®A[[t]]] QIDQ(L.")J/A —% lim, M ®A[[t]” QIDSL)'Z/A

[ I I
M —/—= lim, M QA1) ODg(vn)’l —— lim, M ® 4 OD;n),z
The desired assertion follows from the fact that each column in is quasi-isomorphic to
M Y5 Mat,

and each of the two top rows are acyclic, so let us check these claims. Indeed, the first claim follows
from the naive Poincare lemma. As for the second claim, notice that these complexes can be obtain
via base change of cosimplicial modules
i — s O I
(A.3) Qapa /= Qg 10074 j— R
along the cosimplicial ring map
, —
A[t] ¢ A[thtz} e
(A.4) l l

Al == A1y —e0) — -

Finally, the complex (A.3) is acyclic by [BdJ11, Lemma 2.15].

A.2. Horizontal jets meromorphic at one point.
Definition A.2.1. Let )Y be a prestack over Xqr. For an affine S with a map
(x C2'): S — Arr(Ranx,)
let Jetsgerwreg(y)Arr(RanXdR>(S) be the space of maps
(Dyr v —x) =Y
over Xdr.
Notation A.2.2. Let
Jets™* (Mnany, o = Jets (V) an(Rany ) X Are(Rany ) RANX g
Definition A.2.3. For an affine S with a map « : S — Xar set Jetsg™ ™ (Y)(S) to be maps
Dy v Xx45 Usr = Y
over Ugr. in other words,

Jetsg ™ (V) = Jetsg™ ¥ (V)Ranx o XRanx,p.0 (Xdr X {2}).

Remark A.2.4. Note that in this definition ) could be taken as a prestack over Uar as well.
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Example A.2.5. For) = BG"®ve x Usr we have
Jetsg™ ™ (V) (S)z = LSa(D°),
Jetsg™ ™ (VRanx,p, » = LS6(D)pany .-
Here BG™Y® is the prestack quotient of a point by the trivial action of G.
Below assume that Y is affine over Ugr.
Lemma A.2.6. We have
Jetsg ™ (V) X xun Uar = V.
Proof. We need to show that for any affine S mapping to Uar
Mapsy . (S,Y) = Mapsy__ (S, Jetsg ™ (I)).

Notice that S 22 | colimn S Xy, A§}jl|, where Agl,)c is the n-th neighborhood of the diagonal in U***.
Hence

Mapsy, . (S, Y) = limlim Mapsy, (S Xugg A$L7y) = lim lim Maps  (n) (S Xugg Agj",l,y XUgn Agjn,)c)
k n ’ k n U,k ’ s

Since Agjn,)v and Y Xyug Agjn,)c are affine schemes the latter is isomorphic to
li}zn 1171;[1 MapsAg?])c (CR Agf,l)aﬁ, Y Xuan Agj,l) o MapsUdR(| colim, (S Xuyg Ag?,)c)aﬂ, ).
On the other hand,
Mapsyy,,; (S, Jetsg™ () = Mapsy,, (| colimn (8 %, AS)™| X xy Uan, V) =

= Mapsy;,, (| colimn (S x v AT ], V).

O
A.2.7. Consider categories of prestacks affine over Usr and X4r and the functor
R:T — T Xx45 Uar
between them.
Lemma A.2.8. Assume that partially defined right adjoint R® to R is defined on Y. Then
RE(Y) = Jetsg™ ().
Proof. For S affine with a map x : S — Xar we have
Mapsy, . (S, R*(¥)) = Mapsy,_ (| colimy § x x,, A{”], R¥(Y)) =
2 Jim lim Maps y ¢ (S X xan A RE(Y) xxq AM).
Since A™ and RE(Y) X Xan A are affine this is the same as
lim lim Maps y ¢ (S % x,n A7), RE(Y) X xan AU) 2 Mapsy, (Do v, R (D).
Now using Lemma we get that this is the same as
MapsUdR(Dx,v X X4r Udr, Y).
O

Remark A.2.9. The proof of Lemma@ implies that D, v can be thought of as the relative affiniza-
tion of S — Xawr. This is specific to the first power of X4r.
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A.3. Horizontal jets meromorphic at one point: parametrized version. Let B be a prestack
affine over Xqr. Consider categories of prestacks affine over B x x,; Udar and B and the functor

R : T — T Xx4r Uar
between them. Let ) be a prestack affine over B x x,; Udr.-
Definition A.3.1. For affine S with a map x : S — B set Jetsg 5"° (V) (S) to be maps
D: v Xx45 Usr = Y
over B.

Lemma A.3.2. Assume that partially defined right adjoint RE to Rp is defined on Y. Then for
xS — B with affine S we have

Maps (S, RE (V) 2 Mapspy y 0y (De,v Xxan Uar, V).
In other words, RE(Y) = Jetsg 5" (V)(9)-
Proof. As in the proof of the Lemma [A72.8| we have
Maps s (S, RE(Y)) 2 Maps(De v, RE(Y))-

Since D,,v is affine over Xar (Lemma|A.1.7) and B is affine over X4r we see that D, v is affine over
B. Hence

MapSB(Dl‘,Vng(y)) = NIapSBxXd (D2,v X x4z Uar, V).

rUdr

APPENDIX B. ETALE PULLBACK FOR FACTORIZATION PATTERNS

Consider the following setup. Let f : X — Y be an etale map of curves. The goal of this subsection
is to study the relationship between factorization algebra and module categories for X and Y.

B.1. Etale pullback of factorization algebra categories.

Definition-Proposition B.1.1. There exists an open lax subprestack

o
p :Ranx— Ranx,

such that geometric points of its underlying prestack are finite sets of points of X with distinct images
under f.

Proof. For an affine scheme S define Ranx (S) to be the full subcategory of Ranx(S) such that its
objects, i.e. a finite collections (z;):cr of x; : S — X, have the following property. For any i,j, € I we
have (zi,z;) € V(S) C X?(S), where

V=X xX)\ (X xy X\A)

is an open in X2 O

Construction B.1.2. One can define a commutative algebra structure on Ranx as a categorical
prestack, such that n-ary multiplication is given by

o

o o o [}
(Ranx x Ranx) < (Ranx X Ranx)y_aisj »Ranx,
where

o o o [e]
(Ranx X ... X Ranx)y_aisj — Ranx X ... x Ranx

(Rany X ... X Rany)aisj —— Rany X ... x Rany
is a fiber square.

The following claim is immediate from the Construction
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Lemma B.1.3. The natural map
q :Ranx— Rany

is etale, schematic and of finite type.

Definition B.1.4. Similar to Definition and Definition we can define

FactCat (Raon x)
and

LaxFactCat (Raon X)-

B.1.5. Since p is a genuine strict morphism in CAlg(catPreStcorr) the map

p° : CrysCat™ (Ranx) — CrysCat®" (Ranx)
upgrades to

FactCat(Ranx) N MN FactCat(Raonx)

| [

LaxFactCat(Ranx) r, LaxFactCat(Railx).

Moreover, the map
Do : CrysCatStr(RailX) — CrysCat™ (Ranx)

upgrades to a functor

De : LaxFactCat(RaOnX) — LaxFactCat(Ranx),
which is right adjoint to p®.
Proposition B.1.6. The functor

p°® : FactCat(Ran) — FactCat(Ranx)

is an equivalence.

Proof. We have an adjoint pair

p®: FactCat(Ranx) 7—— FactCat (Raonx) : Strop,
where
Str : LaxFactCat(Ranx) — FactCat(Ranx)

is defined in [CFZ26] and [CEGY25| Section C.11.6]. We claim that p® as above is conservative.
Consider prestacks

o o o o
(Ranx X ...Ranx)aisj := (Ranx X ... Ranx) XRanx x...Ranx (Ranx X ...Ranx)aisj

By [CFGY25] Lemma C.9.14], it is enough to show that the pullback of p® along

m° : (Ranx X ... Ranx)disj — Ranx
is conservative. In other words, we need to show that for
A, A; € FactCat(Ranx)
with f: A1 — As such that
p*(f): Al — A3
is an equivalence, the map (m°)*(f) is also an equivalence. But that is immediate.
It suffices to check that Strop, is fully faithful, but this follows from the formula for Str as a limit

([CEZ26]) and the fact that p. is fully faithful.
O
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Definition B.1.7. The composition
. o o\ —1
f* : FactCat(Rany) —— FactCat(Ranx) @D, FactCat(Ran),
is called etale pullback of factorization algebra categories.

B.2. Etale pullback of factorization module categories.

Construction B.2.1. Let Z be a categorical prestack and x : Z —Ranx be a morphism. We will

o o
define a Ranx-module Ranx z in categorical prestacks. We have projection morphisms
o o
pr, pr; : Arr(Ranx) —Ranx

remembering the source or the target of the arrow. We have a commutative diagram

Raonx X Arr(RaOnX) — (Raonx X Arr(RaOnX))y_disj o Arr(RaOnX)

l | |

o o o o o
Ranx X Ranxy +——— (Ranx X Ranx)y,disj — Ranx

such that the left square is Cartesian. The top row defines a Ranx -module Arr(Ranx). Set Ranx,g,z°
to be the pullback

Rar(l)xyz /1
Arr(Raonx) - Raonx,

o o
which inherits a Ranx -module structure from Arr(Ranx).
The composition

o o o
m:Ranx, z — Arr(Ranx) —;— Ranx

o o o
is Ranx -linear. We view Ranx z as a categorical prestack over Ranx wvia .

Lemma B.2.2. Forz € X, y €Y such that f(z) =y the natural map
q :Rarolxyz—> Rany,,

is etale, schematic and of finite type.

Definition B.2.3. Similar to Notation [2.2.9 we can define

FactModCat(Rac;lx, Rar;)x,z).
We have the following statement analogous to Proposition [B-1.6}

Proposition B.2.4. Pullback (p®,p*) for

5 :Ranx,z— Ranx.z

induces an equivalence

FactModCat(RailX , Rarcl)xyz) 2~ FactModCat(Ranx, Ranx, z).
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Definition B.2.5. Forz € X,y € Y such that f(x) =y the composition

e ~o o o
FactModCat(Rany, Rany,,) @ FactModCat(Ranx, Ranx ,)

(p®,5°%)

FactModCat(Ranx,Ranx o),

is called etale pullback of factorization algebra and module categories.
For a fixed A € FactCat(Rany) we thus have
(B.1) f*: A — FactModCat(Rany,) — f°(A) — FactModCat(Ranx,.).

Lemma B.2.6. The etale pullback of factorization modules functor is compatible with factoriza-
tion restriction defined in Definition[2.3.3, i.e. for

N:C— A
with C, A € FactCat we have

A — FactModCat(Rany,,) ———— C — FactModCat(Rany,,,)

Respn

| |

f*(A) — FactModCat(Ranx,;) —— [*(C) — FactModCat(Ranx ).

ResfoN

Proof. 1t suffices to show that the following diagram commutes:

A — FactModCat(Rany,y) B e C — FactModCat(Rany,,)

(B.2) q'l q'l

q*(A) — FactModCat(Rarjx,x) — ¢*(C) — FactModCat(RariX’x).

Resg o n

But this follows from the fact that ¢® commutes with limits and the formula for factorization
restriction ([CEZ26]). O

Theorem B.3. The map is an equivalence.
Proof. 1t suffices to check that
G* : A — FactModCat(Rany,,) — ¢"(A) — FactModCat(Rarix,z)
is an equivalence. Denote the factorization algebra object ¢*(A) by B.
Note that from Construction it follows that we have an adjunction
q* : FactCat(Rany) —— FactCat(Raonx) : qe.

and similarly

G* : FactModCat(Rany,Rany,,) =—— FactModCat(Ranx,Ranx ) : Ge.

By definition of factorization restriction as the 2-Cartesian lift (see [CEZ26], Section C.10.6]) we get

that the functor
o
G* : A — FactModCat(Rany,,) - B — FactModCat(Ranx,;)
admits a right adjoint described as
Resy 0§x,

where 1 : A — goeB € FactCat(Rany ) comes from the unit of adjunction.

So we need to check that

(B.3) G" o Res,, 0gs — 1d
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and
(B.4) Id = Res,, oGe 0 .
We first claim that
¢* : A — FactModCat(Rany,y) > B — FactModCat(Ralixyz)

is conservative.
Indeed, factor f : X — Y as a composition of a surjective map f1 : X — Y7 and anopen j : Y1 — Y.
Then

q :Raon x— Rany
factors as .
Ra(;axq—l» Rany, i) Rany.
Then
Gi* : A — FactModCat(Rany, ,) — B — FactModCat(Ranx..)
is conservative by surjectivity, and
7°: A — FactModCat(Rany,) — A — FactModCat(Rany )

is an equivalence by descent.
Therefore it suffices to check only that (B.3]) is an equivalence. Using (B.2) we can rewrite (B.3) as

(B.5) Resge (4) 04" 0 Go —> 1d.
Note that the composition
¢*(A) 7 ¢*qu(B) & B,
where the latter map comes from count of the adjunction, is the identity. Therefore to show that (B.5)
is identity it suffices to show that
(B.6) G® o Ge = Res..

For this statement we may assume that B is any element of FactCat(Ranx). Indeed, since ¢ and
q are etale for any
N € B — FactModCat(Ranx )
we get the adjunction

(Eva : (q. © Q-(B),ZI' o qu'(N)) — (BaN) : (eRng)'
Note that € and €7 are equivalences on cores, so we conclude by [CFGY25, Corollary C.10.20]. a

Remark B.3.1. Fverything in this subsection prior to Theorem @ works as is for factorization
algebras and modules in DMod as opposed to CrysCat***. The proof of Theorem in fact can be
simplified in that case. Indeed, the morphisms and obviously become equivalences after
taking cores, but the functor of taking cores is conservative.

APPENDIX C. PARAMETERIZED FACTORIZATION PATTERNS

C.1. Parameterized crystals of categories. Let S be a l-affine prestack such that QCoh(S) is
semi-rigid. The goal of this subsection is to set up a theory of crystals of categories parameterized by
S and derive properties of such needed for the proof of Theorem [C:2-3]

Definition C.1.1. Let Y be a laft categorical prestack. An S-linear crystal of categories A on Y
consists of the following data:
e For any s: R — Y with R a finite type affine scheme, there is a DMod(R) ® QCoh(S)-module
DG category:

A, € DMod(R) ® QCoh(S) — ModCat = QCoh(S) — ModCat(DMod(R) — ModCat).
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7N

T ——=Y,
t

e For any 2-cell

there is a functor
0;: As — Ay
intertwining the symmetric monoidal functor
u' ®1d : DMod(R) ® QCoh(S) — DMod(T') ® QCoh(S),
such that if 0 is invertible, then the induced functor
DMod(T") ®pmod(s) As — A

is an equivalence.
e Certain higher compatibilities.

Example C.1.2. We have the constant S-linear crystal Vects .

As usual, there are two notions of morphisms between crystals of categories on a categorical prestack:
lax ones and strict ones defined as in Definition [2.1.5]

Notation C.1.3. Let
CrysCat”'**(Y), CrysCat®*"(Y)
be the (00, 2)-category of crystals of categories on'Y', with 1-morphisms given by morphisms (resp. strict
morphisms) between crystals of categories, and 2-morphisms given by natural transformations.
For S-linear crystals of categories C and D, denote by Fun(C,D) (Funs.(C,D)) the category of
(strict) functors from C to D.

We now state the S-linear avatars of claims in [CEFGY25], Subsections C.2-C.3] and note that the
proofs are completely similar.

Lemma C.1.4. For S-linear crystals of categories C and D, colimits and finite limits in Fung, (C, D)
and Fun(C, D) are calculated point-wise, i.e. for any affine S with s : S —'Y the functors

Fungt, (C, D) = Funpyoacsyeqcon(s)(C(s), D(s))
and
Fun(C, D) — FunDMod(S>®QCOh(S) (C(S), D(S))
commute with colimits and finite limits.

Corollary C.1.5. For S-linear crystals of categories C and D, the categories Fun(C,D) and
Fung.(C, D) are presentable and stable.

Definition C.1.6. For an S-linear crystal of categories C, define (lax) global sections of C to be
I'5.(Y, C) := Fung, (Vects, C),

(Y, C) := Fun(Vects, C),
Remark C.1.7. ForY € PreSt we have T'°(Y,C) = I'S,.(Y, C).
Example C.1.8. We have

DMod(Y) ® QCoh(S) = Fun(Vecty, Vecty ) = I'° (Y, Vecty.).
Construction C.1.9. For a morphism f: Y1 — Y2 in catPreSt we have natural functors
f° : CrysCat®(Yz) — CrysCat® (Y1),

and
f° : CrysCat®*"(Y3) — CrysCat®*" (Y;).
We will call them the pullback functors.
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Lemma C.1.10. Letp:Y — Z be a schematic morphism of prestacks. Then the functor
p® : CrysCat®*"(Z) — CrysCat”*""(Y)

admits a right adjoint
pe : CrysCat®*" (Y) — CrysCat®*"(2)

satisfying the base change property.

Proof. Note that CrysCat is tensored over DGCat, and since

p* : CrysCat®"(Z) — CrysCat®" (V)
is DGCat-linear it upgrades to a functor between S-linear crystals of categories, which coincides with
the pullback

p° : CrysCat®*"(Z) — CrysCat”*""(Y).
Note that in general

pe : CrysCat™ (Y) — CrysCat™ (Z2)
is lax DGCat-linear. However, for dualizable categories it is strict DGCat-linear, therefore using
semi-rigidity of QCoh(S) the claim follows from the same assertion with S = Spec(k). O

Construction C.1.11. Since Vecty is the symmetric monoidal unit in CrysCatS(Y) and by Lemma

we get that
I'*(Y,C), Maps(C,D) € DMod(Y) ® QCoh(S) — ModCat.
C.2. Parameterized factorization patterns.
Notation C.2.1. We can define, parallel to notions described in Section [4 the following evident
categories:

(1) Set FactCat®, and call its objects S-linear factorization categories over Ran®",
(2) For A € FactCat® set FactAlg®(A), and call its objects S-linear factorization algebras over
Ran®",
(8) Set FactModCat®,
(4) For A € FactAlgCat® set
A — FactModCatS,

(5) For (A,M) € FactModCat® and A € FactAlg®(A) set
A-FactMod® (M).

Remark C.2.2. The rigorous definitions of objects in Notation [C_2-1] are parallel to the ones in
[CFGY25], Sections C.2-C.6], using the fact that QCoh(S) is semi-rigid.

Having established results about CrysCat® is subsection we get that the main theorem of
[CEZ26] upgrades to the following statement.

Theorem-Definition C.2.3 ([CEFGY25, Theorem C.10.4, Section C.10.6], [CEZ26]). The forgetful
functor

(C.1) FactModCat® — FactCat®

is a (1,2)-Cartesian fibration. Given a morphism ® : A1 — Az in the target, we denote the contravari-
ant transport functor along ® by

Resq‘z : Az—FactModCatS — A1—FactModCats,

and call it the S-linear factorization restriction functor along &. Moreover, for Coy €
As—FactModCat?®, there is a canonical equivalence
(C.2) Res3(C2), ~ ®(unita, ) -FactMod® (Cs).

In particular, if ® is strictly unital, then Resg(Cg) and Ca have equivalent cores.

Remark C.2.4. Ezactly as in [CEZ26] we have that Resy can be computed as a limit.
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As in [CEGY25] we get
Corollary C.2.5. Let ® : A — A’ be a morphism in FactCat® and C' € A’—FactModCat®. Let
A € FactAlg®(A). Then there is a canonical equivalence
A-FactMod(Res (C)) ~ ®(A)-FactMod(C").
Definition C.2.6. Let A be an S-linear factorization algebra category and C be an S-linear factor-
ization A-module category. Let ¢ : A1 — Az be a morphism in FactAlgS(A), viewed as a 2-morphism

in FactCat. Then the contravariant transport for along this 2-morphism defines a factorization
(Vect ® QCoh(S))Rran-linear functor

Resi2 (C) — Resf\1 (C).
The core of it is a functor
Az -FactMod® (C) — A; -FactMod® (C)
which we denote by Resg and call it the factorization restriction functor along ¢.

The standard argument shows:

Lemma C.2.7. Let
A=A T
be an adjunction in the 2-category FactCat®. Then ® is strictly unital.
The following result follows from Theorem-Definition [C.2.3] and straightening, and is a direct gen-

eralization of [CEGY25, Theorem C.10.8]. We call it the basic S-linear adjunction for factorization
restrictions.

Theorem C.3. Let & : A = A’ : ¥ be an adjunction in the 2-category FactCat®. Then there is a
canonical adjunction:

Resg : A'—FactModCat® = A—FactModCat” : Resg,.

Remark C.3.1. Let ®: A = A’ : U be an adjunction in the 2-category FactAlgCat®. Note that

(1) For C' € A'—FactModCat®, the core of Res3(C') is equivalent to that of C' because ® is
strictly unital.
(2) For C € A—FactModCat?®, the core of Res3 (C) is equivalent to ¥(unita)-FactMod®(C).

Hence we can formulate the basic adjunction as the following equivalence:
FactFuna (C,, C,) ~ FactFuna/ (Cl, ¥(unita)-FactModg, ),

where we use the point of view of factorization module categories concentrated at x (rather than sup-
ported on Ran).

Corollary C.3.2. Let

(®,2): (A,C) = (A',C): (¥,T)
be an adjunction in FactModCat® such that Z and T induce equivalences between the cores of C and
C’. Then the factorization A-linear functor

2" . C - Resi (C)
induced by Z is an equivalence.
Proof. Generalizes directly from [CEGY25| Corollary C.10.20] and results in Subsection a
A converse to Corollary [C.3.2]is also true, namely

Corollary C.3.3. Let
d:A2A T
be an adjunction in FactCat®. Let C' € A'—FactModCat®. Then there the natural map
(®,2) : (A,Res3(C)) = (A, C)
admits a right adjoint, denoted by (¥, Y).
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We deduce the claim from Theorem-Definition [C.2.3 and the following construction.

Construction C.3.4. Let 7 : E — B be a (1,2)-Cartesian fibration and f : x = y : g be the adjunction
in B. Let v be an element over y. We will construct a right adjoint in E to the map

L:ff(v) = .

(Here fT(v) is the source of the Cartesian lift of f.)

Consider the 2-morphism e : fg — Id, and the 1-morphism 1d, over Id,. Pulling back Id, along
e we obtain e'(Id,) : v — v over fg. This morphism factors through f1(v), so we obtain a morphism
R:v— fT(v). We claim that R is right adjoint to L.

Indeed, the morphism ef (Idy) — Idy gives LR — Idy, this is the counit of the desired adjunction.
Now consider the 2-morphism f — fgf — f. Note that the composition is Idy. Pulling back L, we
obtain L — eT(Idv) oL — L. But since L is a Cartesian arrow, the first morphism

L —e'(Idy) o L = LRL
must be the horizontal composition of a 2-morphism Id i () — RL with Idp. This 2-morphism
Idgt(,) = RL
is the desired unit of the adjunction. The azxioms of adjunction follow by unwinding the definitions.
Corollary C.3.5. The functor
Res:?> : A'—FactModCat® — A—FactModCat®

is DGCat-linear.

Proof. Let D € DGCat. Then by Corollary we get an adjunction
(#,Z2®1dp) : (A,Res3(C)@D) = (A',C'®D): (¥,Y ®Idp).

But now Corollary implies that Res3(C’) @ D = Resqsf@ldD (C’' ® D), as desired. O

C.3.6. Let A be an S-linear factorization category, and C be an S-linear factorization A-module
category. Let C, denote the fiber of C. Denote by i!R,anX,I ®Idgcon(s) the restriction functor C — C,.

Let U= X\ z. Let FRan ® Idqcon(s) denote the restriction functor
C— C|RanU Xx-
Let A € A be an S-linear factorization algebra.

Proposition C.3.7. Let ¢ € Cyxs be such that the partially defined left adjoint jran, ® Idqcon(s) s
defined on

ARs ¢ € Clrany xa-
Then the partially defined left adjoint ind% to forgetful functor
A-FactMod® (C) = Cayxs
is defined on c. We have

indf () = (jran ® Idgcon(s)) (A Ks ¢).

Proof. Analogous to [CEGY25| Proposition C.12.11]. d
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C.4. Parameterized vs non-parameterized factorization patterns. In this subsection we study
the relationship between the usual and S-linear factorization algebra and module categories.
We first note that the natural transformation

(C.3) (QCoh(S) ® —) : CrysCat®™ — CrysCat "
of functors from the category of finite type affine schemes to the category of 2-categories induces
(C4) (QCoh(S) ® —) : FactCat — FactCat”®.

There is an evident pair of adjoint functors
(C.5) QCoh(S) ® —: CrysCat®*(Ran) — CrysCat**"(Ran) : Oblv.
Lemma C.4.1. The adjunction is ambidextrous.
Proof. Follows from the fact that QCoh(.S) is semi-rigid and thus self-dual. O
Corollary C.4.2. For A € FactCat, the induced functor
(C.6) QCoh(S) ® —: A—FactModCat — A ® QCoh(S)—FactModCat®
admits a right adjoint Oblv given by

(A ® QCoh(S), M?) — (A, M?).

We clatm that this adjunction is ambidextrous.

By the same argument, we get

Corollary C.4.3. Let S’ a I-affine prestack such that QCoh(S’) is semi-rigid. Then for A €
FactCat® we have an ambideztrous adjunction

(C.7)  QCoh(S)® —: A—FactModCat® = A ® QCoh(S’)—FactModCat**5" : Oblv.

APPENDIX D. FACTORIZATION MODULES OVER COMMUTATIVE ALGEBRAS
Let Y be a prestack affine over Xqr x T', i.e. ¥ = Specx_ ., r(A), where
A € CAlg(DMod(X) ® QCoh(T)).

The goal of this section is to give a rather elementary proof of the following folklore statement (another
proof can be found in [ABC™24, Section 4.3]).

Theorem D.1. Assume that A € DModind-ho1(X) ® QCoh(T'). Then we have an equivalence
QCoh(Jetsg rs . (V)a) = A-FactMod™ .

Remark D.1.1. Since the first draft of this paper was circulated, the proof of this statement appeared
in |ABC™'24] in a greater generality (without the ind-holonomicity condition). However, we still keep
this section since the present proof is less technically heavy.

Definition D.1.2. Define categorical prestack DModindnol to be the left Kan extension of the functor
DModindnor : AffSch';’tp — Cateo
along the embedding AffSchg? — AffSchP.

For any categorical prestack Y define the category of ind-holonomic D-modules on Y as
Maps(y, DMOdindhol) .
Remark D.1.3. Note that for an affine scheme S we get

DMOdindhol(S) = COlim DMOdindhol(S’i).
(S—S5;)€eS/ AffSchy

Hence for an affine scheme of finite type we recover the usual definition of ind-holonomic D-modules.
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Remark D.1.4. Recall from [Gail9, 2.3.1] that for Y1, Y2 € catPreSt and f : Y1 — Yo the map
f': DModindnot (V2) — DModindnot (V1)

admits a left adjoint fi. Hence for a map of curves
X =Y
and the induces map
f: Ran — Rany
the left adjoint fi to the functor f' : DMod(Ran) — DMod(Rany) is defined on the subcategory
DMOdindhol(Rany) C DMOd(Rany).
Lemma D.1.5. The object
A € DMod(Ran) ® QCoh(T)
lies in the full subcategory DModind-nol(Ran) ® QCoh(T'), therefore the functor jran; ® Idqcon(r) s
defined on A.

Proof. Tt suffices to show that restriction of A to every X lies in DModind_hol(XK) ® QCoh(T).
Restriction to X lies in DModind-ho1(X) ® QCoh(T") by assumption.

For general K denote by Sk the (1,1)-category indexing data K — I — J, where we allow mor-
phisms of diagrams that are contravariant in I and covariant in J, and surjective term-wise. Then one
has

(A)xx =2 colim  (Agop, ®1dr) o (AL KIdr)(A®TT).

K—-»I—-»JeSk
In particular, since jran; ® Idqcon(r) commutes with colimits and all three operations preserve ind-
holonomicity on the first factor we get the result.
d

Writing any F € QCoh(T) as a colimit of O we see that jran, ® Idgcon(r) is defined on
AXp F

and
(iRanx., ®1d7)(jRan ® Id7)(ABr F) = (iRany , ® Id7)(jran; ® Id7)(4) @ F.

Note that i!RanX,w ® Idqcon(r) is continuous and conservative, hence by Barr-Beck Theorem and
Proposition we get that
(D.1) A-FactMod” 2 (ijan, . ® Id7)(jran, ® Id7)(A) -mod(QCoh(T)).

We now calculate M := (i!Ranx,m ® Idr) (Jran, ® Id7)(A).

D.1.6. We begin by noticing that the functor jh,, X Idqcon(r) induces a functor
(Jian @Idqcon(ry) ™" : CFactAlg” (DMod(Ranx )@QCoh(T)) — CFactAlg” (DMod(Rany)@QCoh(T)).
Tautologically, the diagram

CFactAlg” (DMod(Ranx) ® QCoh(T')) — DMod(Ranx) ® QCoh(T)
J}ji%an@IdQCOh(T) yenh JJ'!R-Zm X1dQcon(T)

CFactAlg” (DMod(Rany) ® QCoh(T)) —o+ DMod(Rany) ® QCoh(T')
commutes.
Proposition D.1.7. Assume that

F € CFactAlg” (DMod(Rany) @ QCoh(T))

and on the underlying sheaf the partial left adjoint jran, ® Idqcon(r) is defined. Then partially defined
left adjoint

((]ll:{an ® IdQCoh(T) ) enh)L
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is defined on F and
bV ((jRan ® Tdqaenr)) ™) (F) = (jran; @ Idqaoen(r)) (0blv(F)).
Consider the following generalization of [GL19, Proposition 5.6.10]:

Lemma D.1.8. let C and D be presentable symmetric monoidal co-categories with unit objects 1c
and 1p. Assume that tensor product on C and D preserves colimits separately in each variable. Let

G:D—C

be a lax symmetric monoidal functor.

Assume that partially defined left adjoint I is defined on the full subcategory of C' generated by 1c¢
and powers of oblv(c) for some ¢ € CAlg(C) and oblv : CAlg(C) — C. Assume in addition that F is
symmetric monoidal and that the unit map 1¢ — G(1p) induces an equivalence F(1¢) — 1p.

Then the left adjoint F'y to the functor

G : CAlg(D) — CAlg(C)

induced by G is defined on ¢ and
oblv(F4(c)) & F(oblv(c)).

Proof. Denote by C’ the full subcategory of C generated by 1¢ and powers of oblv(c) and by ¢ the
embedding. By [GLI9l Proposition 5.6.6] and [GLI9, Proposition 5.6.10] the pair of adjoint functors

«—=

L

c'——cC
R
induces the pair of adjoint functors between unital commutative algebra objects

CAlg(C") %‘? CAlg(0).
bt
Moreover, the pair of adjoint functors
Fou
/ —_—
¢ LFoa b
induces the pair of adjoint functors between unital commutative algebra objects
(Fouv)
CAlg(C") %4 CAlg(D).
(FoG) |
Since (17 0 Q)4 = 1f 0 G4 we see that partial left adjoint F; is defined on the subcategory CAlg(C”)
and is given by (F o). Moreover, since by construction c lies in the full subcategory CAlg(C”’) we
get that
F(oblv(c)) = (F o)(oblv(c)) = oblv((F o t)+(c)).
O

Proof of Proposition[D.1.7 Recall (e.g. from [GL19] Definition 5.6.1]) that the structure of a T-linear
commutative factorization algebra in DMod(Ran) ® QCoh(T) is equivalent to the structure of a (unital)
commutative algebra in DMod(Ran)®QCoh(T") under convolution with the property that the morphism

—
FXRp F— (add ® IdQCoh(T))]:

restricted to the disjoint locus is an isomorphism. In other words, the symmetic monoidal structure is
given by
F,G € DMod(Ran) ® QCoh(T) — (add; ® Idqcen(r))(F Br G).
(We postpone the discussion of the fact that add, if well-defined to Lemma and finish the proof
first.
D)enote by
CAlg®™(DMod(Ran) ® QCoh(T))
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the category of (unital) commutative algebras in DMod(Ran)®QCoh(T') with respect to the convolution
multiplication. We will first prove that for

F € CAlg®™ (DMod(Rany) ® QCoh(T))
L

such that jran; ® Idqcon(r) is defined on oblv(F), the partial left adjoint ((jl!Kan ® IdQCO},(T))e“h) is
defined on F, and

oblv(((jran ® Tdqoonr))™)" (F)) = (jran; ® Idqeon(r)) (0blv(F)).

This follows from Lemma Indeed, if jrRan; @ Idqcon(r) is defined on ¢ € DMod(Rany) ® QCoh(T")
then it is also defined on all powers of ¢ for convolution multiplication, and if jran, ®Idqcon(r) is defined
on ¢,d € DMod(Rany) ® QCoh(T') then it is also defined on ¢ ® d and is equal to

(Jrany ® Idqcon(r))(€) @ (JRan; ® Idqcon(r))(d)-
It is left to show that if for
F € CFactAlg” (DMod(Rany) ® QCoh(T))
the partial left adjoint jran; ® Idqcon(ry is defined on oblv(F), then
((han ® Idqeon(r)) ™) " (F) € CFactAlg” (DMod(Ranx) @ QCoh(T)).

In other words, we need to check that the morphism

(JrRany ® Idgcon(r))(F) B7 (jrRan; ® Idqcon(r)(F) — (aﬁa! ® Idqcon(r)) (JRan; ® Idqcon(r))(F)
restricted to the disjoint locus is an isomorphism. Let
wx X Idr : [Ran X Ranjaisj X T'— Ran x Ran x T’
denote the embedding of the disjoint locus. Then
((W(X)dR)! X IdQCOh(T))((jRan X jRan)! ¥ IdQCoh(T))(-F Xr F).
by base change is equivalent to
((§ % §)aisit B Idqconry) (T4 ¥ Idqeon(r))(F Br F),

where

(] X j)disj : [RanU X RanU]disj — [Ran X Ran}.
Since F € CFactAlg” (DMod(Rany) ® QCoh(T')) this is equivalent to

((§ % §)aisi.t B Idqcon(ry) (add' KB Idqcon(ry ) (F).
Since add is etale, this is equivalent to

((add!disj ®Idgcon(r)) (JRant ® Idgcon(r)) (F)-

We now prove that add, is well-defined.

Lemma D.1.9. Restriction functor fi : DMod(Ran) — DMod(X?!) along the tautological morphism
admits a left adjoint.

Proof. Consider a functor

D(—) : Fin — DGCatcont
sending I € Fin to DMod(X’) and p: I — J to A}, : DMod(X"') — DMod(X”) and the Grothendieck
construction

(D.2) Groth(D(-)) — Fin
associated to it.

Recall (e.g. from [Gail9, 6.2.2]) that the category DMod(Ran) is equivalent to the category of
sections of the functor (D.2) such that surjections in Fin are sent to coCartesian arrows. We will

show that f} commutes with limits. To do this it suffices to show that a limit of the above sections
is computed fiberwise, i.e. we need to show that the naive limit of above sections sends surjections in
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Fin to coCartesian arrows. But this follows from the fact that for p: I — J the functor A; commutes
with limits. g

Corollary D.1.10. The category DMod(Ran) is compactly generated by the images of compact objects
in DMod(XT) under f1,.

Proof. Follows from the fact that fr are jointly conservative. g
Corollary D.1.11. The restriction functor
add DMod(Ran) — DMod(Ran x Ran)

admits a left adjoint.
D.1.12. Hence we can reduce the computation of M to the first power of the curve. We get that
(D-3) M = (i @ dqoon(r)) (5 ® Idqcon(r)™™) " (A),
where

CAlg(DMod(X) ® QCoh(T)) ——— CFactAlg” (DMod(Ranx) ® QCoh(T))

l(f@ldgcohm)e“h l(j{xan@dqcohm)e“h

CAlg(DMod(U) ® QCoh(T))) ——> CFactAlg” (DMod(Rany) ® QCoh(T)).

D.1.13. Consider the full subcategory
op
PreStAH/XdeT C CAlg(DMod(X) ® QCoh(T)),
consisting of prestacks affine over Xqr x T and, analogously, the full subcategory
PreStZI;f/UdeT C CAlg(DMod(U) ® QCoh(T))).

Restriction defines a functor R : PreStag XqpxT PreStas JURXT" Tautologically, the diagram
op
CAlg(DMod(X) ® QCoh(T)) +— PreStAﬁ/dexT

l(j! ®Idqcon(T) yenh lR

CAlg(DMod(U) ® QCoh(T)) ¢—— PreStgfy |

commutes.

Lemma D.1.14. The diagram

T

CAlg(DMod(X) ® QCoh(T)) +—— PreSt‘X;f/X
dR %

A~
L

((G'®ldqcon(r))™™) RR 3
|

CAlg(DMod(U) ® QCoh(T)) ¢—— PreStyy
commutes.

Proof. Denote by tx (resp. tv) the inclusion

PreStoApﬂ/XdeT — CAlg(DMod(X) ® QCoh(T))

( resp. PreStoApff/UdeT < CAlg(DMod(U) ® QCoh(T))). These functors admit right adjoints t% (resp.

1ff) given by truncation.
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We have that the diagram
LR
CAlg(DMod(X) ® QCoh(T)) —— PreSti  r
dR X

J(j!‘gldQCoh(T))enh lR
LR
CAlg(DMod(U) ® QCoh(T)) —Z— PreSt;pH/U .
dR X

commutes. Therefore, if the functor RT is defined on
op
cE PreStAH/UdeT,
then
! en
((4* ® Idqeon(m) ™) "

is defined on 1y (c) and is given by tx o R¥(c).
Then it suffices to show that for M € CAlg(DMod(U) ® QCoh(T")) lying in non-positive degrees

(7' @ Tdqaon(r) ™) (M)
also lies in non-positive degrees. Without loss of generality we may assume that M = Sym(V) for
V € DMod(U) ® QCoh(T) in non-positive degrees.
Then notice that
((4' @ Tdgeon(r) ™) (Sym(V)) 2 Sym((ji ® Idgoan(s))V)-
Thus the result follows since (ji ® Idgcon(s)) is right t-exact. |

Proof of Theorem . By virtue of Lemma[D.1.14] we see that M is given by multiplication by global
functions on the fiber of R()) at  x 7. Lemma implies that

RI(Y) 2 Jetsg 5y, V),
and we get the result. (]

D.1.15. Let now Yy be a prestack affine over Ugr X T, i.e. Yy = SpchdeT(AU), where Ay €
CAlg(DMod(U) ® QCoh(T)).

Remark D.1.16. By the same argument as in the Theorem [D.1], we get that for
Ay € DMOdind,hol(U) ® QCOh(T)

we have
QCoh(Jetsg 7%y . (V)a) = Au -FactMod” .
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